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I. INTRODUCTION

The filtering problem is to estimate the states
(or a linear combination of the states) of a system
using past measurements. The celebrated Kalman
filter provides a recursive algorithm to minimize the
variance of the state estimation error when the power
spectral density of the process and the measurement
noise is known [15, 30, 32]. During the last three
decades, Kalman filtering techniques have found
widespread applications in aerospace guidance,
navigation, and control problems [22, 30].
Recently, H1 filtering has received considerable

attention since, in contrast to the traditional Kalman
filtering, it does not require knowledge of the
statistical properties of the noise. The objective here
is to minimize the energy of the estimation error
for the worst possible bounded energy disturbance.
Early approaches to H1 filtering involved frequency
domain and polynomial matrix techniques. Following
the state-space solutions of the H1 control problem,
time-domain and Riccati equation approaches were
recently proposed [11, 27]. To this end, the solution
of the suboptimal full-order H1 filtering problem
can be obtained by solving a Riccati equation, and
all H1 filters that achieve a prescribed estimation
error level can be parametrized around a central filter
in terms of a free contractive transfer function [25].
An overview of the H1 filtering can be found in
[29]. On the other hand, the objective of the L2¡L1
filtering problem is to minimize the peak value of
the estimation error for all possible bounded energy
disturbances. Hence, the L2¡L1 filtering can be
considered as a deterministic formulation of the
Kalman filter. However, the standard Kalman and
H1 filtering approaches result in filters of order
equal to the order of the system. Reduced-order
filters, i.e., filters of order lower than the order of the
system, are often desirable to reduce the complexity
and computational burden of the real-time filtering
process. Reduced-order unbiased Kalman and H1
filtering problems have been considered in [24, 26],
but the general problem has not been addressed.
In the present work, an elementary algebraic

approach is presented to characterize the
continuous-time and discrete-time full- and
reduced-order H1 and L2¡L1 filters via linear matrix
inequalities (LMIs) for asymptotically stable linear
time-invariant systems. Necessary and sufficient
conditions and a parametrization of all filters of a
specified order that achieve prescribed estimation error
levels are obtained. The proposed algebraic machinery
and formulation follows the recent algebraic solution
of the general suboptimal H1 control problem
via LMIs [12, 16, 23, 31]. The full-order and the
zeroth-order filtering result in convex LMI problems
that can be solved efficiently using recently developed
algorithms [3, 4, 13, 14, 28, 33]. The reduced-order
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H1 and L2¡L1 filtering results in nonconvex
problems that can be solved using recently proposed
alternating projection algorithms [17, 18]. LMIs have
emerged as a powerful computational design tool
in systems and control engineering because of their
computational efficiency and flexibility to treat a large
class of system design problems [4, 31].
The notation to be used in this work is as follows.

The H1 norm kGk1 of a rational transfer function
G(s) is defined as kGk1 =max! ¾(G(j!)), where ¾(¢)
denotes the maximum singular value of a matrix. For
a discrete-time transfer function G(z), the H1 norm is
kGk1 =max#2[0,2¼]¾(G(ei#)). The L2 norm of a vector
valued function f(t) is kfkL2 = f

R1
0 f

T(t)f(t)dtg1=2
and the L1 norm is kfkL1 = suptffT(t)f(t)g1=2.
For a discrete-time vector-valued signal f(k), the l2
norm is kfkl2 = f

P1
0 f

T(k)f(k)g1=2 and the l1 norm
is kfkl1 = supkffT(k)f(k)g1=2 where (¢)T denotes
the transpose of a real matrix and (¢)+ denotes the
Moore-Penrose generalized inverse of a matrix. The
matrix norm k ¢ k is the maximum singular value of a
matrix, that is kAk= ¾(A) = f¸max(AAT)g1=2. Given
a real n£m matrix B with rank r, the orthogonal
complement B? is defined as the (possibly nonunique)
(n¡ r)£ n matrix that satisfies B?B = 0 and B?B?T >
0. Hence, B? can be computed from the singular value
decomposition of B as follows: B? = TUT2 where T is
an arbitrary nonsingular matrix and U2 is defined by
the singular value decomposition

B = [U1 U2 ]
·
§1 0

0 0

¸·
VT1

VT2

¸
:

The standard notation >, ¸ (<, ·) is used to denote
the positive (negative) definite and semidefinite
ordering of matrices.

II. CONTINUOUS-TIME H1 FILTERING

Consider a stable nth-order linear time-invariant
system with a state-space representation

_x= Ax+Bw (1)

y = Cx+Dw (2)

z = Lx (3)

where x(t) 2 Rn is the state vector, y(t) 2 Rp is the
measured output, and z(t) 2Rr is the signal to be
estimated. Here w(t) 2Rr is a disturbance vector
containing both process and measurement noise.
The matrices A, B, C, D, and L are all real and
of appropriate dimensions. The case of known
initial condition x(0) = x0 is considered and without
loss of generality it is assumed that x0 = 0. The
filtering problem is to estimate the signal z from the
measurement y.

Consider a n̂th-order linear time-invariant filter F ,
where n̂· n, with a state-space representation

_» =G»+Hy (4)

ẑ = J»+Ky (5)

where »(t) 2Rn̂ is the state vector of the filter and
ẑ(t) 2 Rr is the estimate of z(t). The filter matrices
G, H, J , and K are real matrices of appropriate
dimensions. The estimation error is equal to

e= z¡ ẑ = Lx¡ ẑ: (6)

The H1 optimal filtering problem is to find a filter
F to minimize the worst case estimation error energy
kekL2 over all bounded energy disturbances w, that is

min
F

sup
w2L2¡f0g

kekL2
kwkL2

: (7)

Hence, the optimal H1 filter minimizes the energy
gain of the system from the disturbance w to the
estimation error e. Using the induced L2-gain property
of the H1 norm [11], this problem is equivalent to the
following H1 norm minimization problem

min
F
kTwek1

where Twe is the transfer function from the disturbance
w to the estimation error e. The °-suboptimal H1
filtering problem is to find (if it exists) a filter F such
that

kTwek1 < ° (8)

where ° is a given positive scalar. Hence, the
°-suboptimal H1 filtering condition (8) guarantees
that the filtering error energy will be bounded by
°kwkL2 for any disturbance w with bounded energy.
Obviously, lower values of the H1 norm bound °
correspond to smaller estimation error kekL2 .
The solution of the H1 filtering problem can be

derived from the general solution of the H1 control
problem [12, 16, 23, 31] by specializing the H1
control results to the filtering problem. However,
for completeness of presentation, an independent
derivation is outlined based on the Bounded Real
Lemma and the solvability conditions of a matrix
inequality. Based on this approach, simpler conditions
are derived. The following Bounded Real Lemma
characterizes the systems with a given upper-bound
on the H1 norm via the solution of an LMI [4, 31].

LEMMA 1 Consider a stable linear time-invariant
system

_x= Acx+Bcw (9)

y = Ccx+Dcw (10)

with transfer function Tc(s) = Cc(sI¡Ac)¡1Bc+Dc
and let ° be a given positive scalar. Then kTck1 < °
if and only if there exists a matrix P > 0 that satisfies
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the following matrix inequality264PAc+A
T
c P PBc CTc

BTc P ¡°2I DTc

Cc Dc ¡I

375< 0: (11)

REMARK 1 The matrix inequality (11) is an LMI on
the variable matrix P. In general an LMI has the form

S(x) = S0 +
mX
i=1

xiSi > 0 (12)

where x 2 Rm is the variable and Si 2Rk£k are given
symmetric matrices.

Often, in systems and control problems LMIs
are encountered in a matrix variable form as in (11).
Feasibility and optimization problems involving
LMIs can be solved very efficiently using recently
developed interior-point algorithms [3, 13, 28, 33].
Necessary and sufficient conditions and a

parametrization of all solutions of an LMI are
provided by the following result [23, 31].

LEMMA 2 Let ¡ , ¤ and £ =£T be given matrices.
There exists a matrix F to solve the matrix inequality

¡F¤+(¡F¤)T+£ < 0 (13)

if and only if the following conditions are satisfied

¡?£¡?T < 0 (14)

¤T?£¤T?T < 0: (15)

In this case all solution matrices F are parametrized by

F =¡R¡1¡T©¤Tª +−1=2Lª1=2 (16)

where ©, R and L are free parameters subject to

©= (¡R¡1¡T¡£)¡1 > 0, R > 0, kLk< 1
(17)

and − and ª are defined by

− = R¡1¡R¡1¡T(©¡©¤Tª¤©)¡R¡1,
ª = (¤©¤T)¡1:

(18)

If we further assume that ¡T¡ > 0 and ¤¡?T¡?¤T

> 0 then the parametrization of all solutions can be
simplified as follows

F = F1 +F2LF3

where L is an arbitrary matrix such that kLk< 1 and

F1 = (¤
T

1 ¡£12£
¡1
22 ¤

T

2 )(¤2£
¡1
22 ¤

T

2 )
¡1

F2 = (£12£
¡1
22£

T

12¡£11¡F1F¡23 FT1 )
1=2

F3 = (¡¤2£
¡1
22 ¤

T

2 )
¡1=2

(19)

where "
£11 £12

£
T

12 £22

#
=
·
¡+

¡?

¸
£[¡+T ¡?T] (20)

[¤1 ¤2] = ¤[¡
+T ¡?T]: (21)

The following result provides conditions for
a block matrix to be positive definite or positive
semidefinite in terms of its Schur complement (Schur
complement formula) [1].

LEMMA 3 The matrix

S =
·
S11 S12

ST12 S22

¸
where S11 and S12 are symmetric submatrices, is
positive definite if and only if

S11 > 0 and S22¡ ST12S¡111 S12 > 0 (22)

or

S22 > 0 and S11¡ S12S¡122 ST12 > 0 (23)

and positive semidefinite if and only if

S11 ¸ 0, S11S
+
11S12 = S12 and

S22¡ ST12S+11S12 ¸ 0
(24)

or
S22 ¸ 0, S12S

+
22S22 = S12 and

S11¡ S12S+22ST12 ¸ 0:
(25)

These conditions can be easily modified to test
negative definiteness and negative semidefiniteness
of a matrix. Using the Bounded Real Lemma and the
matrix inequality solvability conditions, necessary and
sufficient conditions for H1 filtering can be easily
derived as follows.

THEOREM 1 There exists an n̂th-order filter F to solve
the °-suboptimal H1 filtering problem if and only if
there exist matrices X and Y with 0<X · Y such that
the following conditions are satisfied·

XA+ATX XB

BTX ¡°2I

¸
< 0

(26)·
CT

DT

¸? ·YA+ATY+LTL YB

BTY ¡°2I

¸·
CT

DT

¸?T
< 0

(27)

rank(X ¡Y)· n̂:
(28)
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PROOF The filtering error dynamics is described by
the following augmented system

_x= (A+BFM)x+(D+BFE)w (29)

e= (C+HFM)x+HFEw (30)

where x= [xT »T]T,

A=
·
A 0

0 0

¸
, B =

·
0 0

0 I

¸
, M =

·
C 0

0 I

¸
,

(31)

D =
·
B

0

¸
, E =

·
D

0

¸
,

C = [L 0], H = [¡I 0] (32)

and the augmented matrix

F =
·
K J

H G

¸
(33)

contains the unknown filter parameters. According
to the Bounded Real Lemma 1, the error transfer
function has H1 norm less than ° if and only if there
exists a matrix P > 0 such that24P(A+BFM)+ (A+BFM)TP P(D+BFE) (C+HFM)T

(D+BFE)TP ¡°2I (HFE)T

C+HFM HFE ¡I

35
< 0:

This matrix inequality can be written in the general
matrix inequality form (13) where

¡ =

264PB0
H

375 ,
¤= [M E 0],

£ =

264PA+A
T
P PD C

T

D
T
P ¡°2I 0

C 0 ¡I

375 :
(34)

It can be easily verified that

¡? =

24
·
B

H

¸?
0

0 I

35
264P

¡1 0 0

0 0 I

0 I 0

375 ,

¤T? =

264
"
M
T

E
T

#?
0

0 I

375
where ·

B

H

¸?
= [I 0 0]

"
M
T

E
T

#?
=

"·
CT

DT

¸?
0

#264 I 0 0

0 0 I

0 I 0

375 :
Define the following partitioning for P and P¡1

P =
·
Y Y12

YT12 Y22

¸
, P¡1 =

·
Z Z12

ZT12 Z22

¸
: (35)

Then condition (14) of Lemma 2 results in

XA+ATX +
1
°2
XBBTX < 0

where X = Z¡1, which provides (26). Similarly,
condition (15) results in (27). The 1—1 block equation
of P and P¡1 in (35) provides

Y¡Z¡1 = Y¡X = Y12Y¡122 YT12 ¸ 0
which guarantees that Y ¸ X and rank(X ¡Y)· n̂,
since Y22 is an n̂£ n̂ positive definite matrix.
Hence, the °-suboptimal H1 filtering problem

is characterized as a feasibility problem of finding
a pair of positive definite matrices (X,Y) in the
intersection of the constraint sets (26), (27), and (28).
The constraints (26) and (27) are convex LMIs, but
the coupling constraint set (28) is nonconvex. For
n= n̂ the rank constraint (28) is trivially satisfied,
hence the suboptimal full-order filtering problem is a
convex LMI problem. The reduced-order H1 filtering
is a nonconvex problem. The optimal reduced-order
H1 filtering requires the solution of the following
minimization

minimize
0<X·Y

° (36)

subject to the constraints (26), (27), and (28). A
numerical algorithm based on alternating projections
onto the constraint sets (26)—(28) is presented in
Section V to find a solution to this nonconvex
problem.
The following result provides a parametrization of

all n̂th-order filters F that solve the °-suboptimal H1
filtering problem in terms of a contractive matrix.

THEOREM 2 All °-suboptimal n̂th-order filters F that
correspond to a feasible matrix pair (X,Y) are given by

F =
·
K J

H G

¸
=¡R¡1¡T©¤Tª +−1=2Lª1=2 (37)

where ©, R, and L are free matrix parameters subject to

©= (¡R¡1¡T¡£)¡1 > 0, R > 0, kLk< 1
(38)

− and ª are defined by

− = R¡1¡R¡1¡T(©¡©¤Tª¤©)¡R¡1,
ª = (¤©¤)¡1

(39)

and ¡ , ¤, and £ are defined by (34).
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PROOF The result follows from the parametrization
of all solution of the matrix inequality (13) using the
results of Theorem 2.

The static or zeroth-order filtering problem
consists of finding a constant gain matrix K such that
the static filter

ẑ =Ky (40)

provides an estimate of the signal z from the
measurement y. Particularly simple necessary and
sufficient conditions can be obtained for this static
(zeroth-order) H1 filtering problem.

THEOREM 3 There exists a static filter F to solve
the zeroth-order °-suboptimal H1 filtering if and only
if there exists a matrix Y > 0 such that the following
conditions are satisfied ·

YA+ATY YB

BTY ¡°2I

¸
< 0

(41)·
CT

DT

¸?·YA+ATY+LTL YB

BTY ¡°2I

¸·
CT

DT

¸?T
< 0:

(42)

The result follows immediately from Theorem 1
noting that for n̂= 0 condition (28) provides X = Y.
Note that the constraints (41) and (42) are convex
constraints, therefore the static H1 filtering problem
is a convex LMI problem.

THEOREM 4 All °-suboptimal static filters F that
correspond to a feasible matrix Y are given by

K = F1 +F2UF3 (43)

where U is any matrix such that kUk< 1, and
F1 =Q12Q

¡1
22M

T
2 (M2Q

¡1
22M

T
2 )
¡1

F2 = (I¡Q12Q¡122 QT12¡F1F23 FT1 )1=2

F3 = (¡M2Q¡122MT
2 )
1=2

(44)

where

M2 = [C D], Q12 = [¡L 0] (45)

Q22 =
·
YA+ATY YB

BTY ¡°2I

¸
: (46)

PROOF The parametrization of the zeroth-order
H1 filters is obtained by applying the solvability
conditions (19)—(21) to the matrix inequality (13)
noting that for n̂= 0 the matrices ¡ , ¤, and £ result
in

¡ =

264 0

0

¡I

375 , ¤= [C D 0],

£ =

264YA+A
TY YB LT

BTY ¡°2I 0

L 0 ¡I

375 :
The optimal zeroth-order H1 filtering problem is a

convex minimization problem:

minimize
Y>0

° (47)

subject to (41) and (42).

III. DISCRETE-TIME H1 FILTERING

Next, the discrete-time H1 filtering problem
is examined. Given a stable, nth-order linear
time-invariant discrete-time system

x(k+1) = Ax(k)+Bw(k) (48)

y(k) = Cx(k) +Dw(k) (49)

z(k) = Lx(k) (50)

find a stable n̂th-order discrete-time filter F
»(k+1) =G»(k) +Hy(k) (51)

ẑ(k) = J»(k) +Ky(k) (52)

to solve

min
F

sup
w2l2¡f0g

kekl2
kwkl2

(53)

where e(k) = z(k)¡ ẑ(k) is the estimation error. This is
equivalent to the H1 optimization problem

min
F
kTwek1

where Twe is the transfer function from w to e. The
°-suboptimal H1 filtering problem is to find (if it
exists) a filter F such that

kTwek1 < °
where ° is a given positive scalar. As in the
continuous-time case, the discrete-time H1 filtering
minimizes the energy of the estimation error for all
bounded energy disturbance signals.
The following result provides necessary and

sufficient conditions for the existence of a solution to
the discrete-time °-suboptimal H1 filtering problem.
The result can be obtained by specializing the H1
control solutions developed in [12, 23, 31] to the
filtering problem, or by following an algebraic
derivation similar to the continuous-time case. This
algebraic approach is outlined next. The following
discrete version of the Bounded Real Lemma
characterizes the discrete-time systems with a given
H1 norm bound [23, 31].

LEMMA 4 Consider a stable linear time-invariant
system

x(k+1) = Acx(k) +Bcw(k) (54)
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y(k) = Ccx(k)+Dcw(k) (55)

with transfer function Tc(z) = Cc(zI¡Ac)¡1Bc+Dc
and let ° be a given positive scalar. Then kTck1 < °
if and only if there exists a matrix P > 0 that satisfies
the following matrix inequality·

Ac Bc

Cc Dc

¸T ·P 0

0 I

¸·
Ac Bc

Cc Dc

¸
<

·
P 0

0 °2I

¸
:

(56)

Next, solvability conditions for a general quadratic
matrix inequality are presented [23, 31].

LEMMA 5 Let £, ¡ , ¤, R > 0 and £ > 0 be given
matrices. There exists a matrix F to solve the matrix
inequality

(£+¡F¤)TR(£+¡F¤)<Q (57)

if and only if the following conditions are satisfied

¤T?(Q¡£TR£)¤T?T > 0 (58)

¡?(R¡1¡£Q¡1£T)¡?T > 0: (59)

In this case all solution matrices F are parametrized by

F =¡−¡TR£T©¤(¤©¤T)¡1 +ª1=2L(¤©¤T)¡1=2

(60)

where L is an arbitrary matrix such that kLk< 1 and
©= (Q¡£TR£+£TR¡−¡TR£)¡1 (61)

ª =−¡−¡TR£(©¡©¤T(¤©¤T)¡1¤©)£TR¡−
(62)

− = (¡TR¡ )¡1: (63)

The characterization of discrete-time reduced-order
H1 filters is as follows.

THEOREM 5 There exists an n̂th-order filter F to solve
the discrete-time °-suboptimal H1 filtering problem if
and only if there exist matrices X and Y with 0<X · Y
such that the following conditions are satisfied·

X ¡ATXA ¡ATXB
¡BTXA °2I¡BTXB

¸
> 0

(64)·
CT

DT

¸?·Y¡ATYA¡LTL ¡ATYB
¡BTYA °2I¡BTYB

¸·
CT

DT

¸?T
> 0

(65)

rank(X ¡Y)· n̂:
(66)

PROOF The error dynamics is described by the
following system

x(k+1) = (A+BFM)x(k)+ (D+BFE)w(k)

(67)

e(k) = (C+HFM)x(k) +HFEw(k) (68)

where A, B, D, E, H, M , and F are defined as in
(31)—(33). Utilizing the Bounded Real Lemma (56),
the H1 norm condition of the error system can be
written in the general matrix inequality form (57)
where

¡ =
·
B

H

¸
, ¤= [M E], £ =

·
A D

C 0

¸

Q =
·
P 0

0 °2I

¸
, R =

·
P 0

0 I

¸
:

Defining the partitions (35), the solvability conditions
(58)—(59) of Lemma 5 provide (65) and

Z ¡AZAT¡ 1
°2
BBT > 0:

Using twice Lemma (3), this condition results in
(64) where X = Z¡1. Condition (66) follows as in the
continuous-time case.

The parametrization of all reduced-order
discrete-time °-suboptimal H1 filters is as follows.

THEOREM 6 All discrete-time °-suboptimal n̂th-order
filters F that correspond to a feasible matrix pair (X,Y)
are given by ·

K J

H G

¸
= F1 +F2UF3 (69)

where U is any matrix such that kUk< 1, and
F1 =¡−¡TR£T©¤(¤©¤T)¡1

F2 = f−¡−¡TR£(©¡©¤T(¤©¤T)¡1¤©)
££TR¡−g1=2

F3 = (¤©¤
T)¡1=2

(70)

where

©= (Q¡£TR£+£TR¡−¡TR£)¡1 (71)

− = (¡TR¡ )¡1 (72)

£ =

264A 0 B

0 0 0

L 0 0

375 , ¡ =

264 0 0

0 I

¡I 0

375 , ¤=

·
C 0 D

0 I 0

¸
(73)

Q =

·
P 0

0 °2I

¸
, R =

·
P 0

0 I

¸
, P =

·
Y Y12

YT12 Y22

¸
(74)

and Y12, Y22 are arbitrary matrices such that P > 0.

PROOF The parametrization of all discrete-time H1
filters results from the parametrization of all solution
of the general matrix inequality (57) using the results
of Theorem 5.
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For the case of the discrete-time zeroth-order
°-suboptimal H1 filter

ẑ(k) =Ky(k) (75)

the conditions of Theorem 5 can be simplified as
follows.

THEOREM 7 There exists static filter F to solve the
discrete-time °-suboptimal H1 filtering problem if
and only if there exists a matrix Y > 0 such that the
following conditions are satisfied·

Y¡ATYA ¡ATYB
¡BTYA °2I¡BTYB

¸
> 0

(76)·
CT

DT

¸?·Y¡ATYA¡LTL ¡ATYB
¡BTYA °2I¡BTYB

¸·
CT

DT

¸?T
> 0:

(77)

The result follows from Theorem 5 by setting
n̂= 0. Notice that the constraints (76)—(77) are convex
LMI constraints in Y, hence convex programming
can solve the optimal discrete-time static H1
filtering problem. All static suboptimal H1 filters are
characterized as follows.

THEOREM 8 All discrete-time °-suboptimal static H1
filters F that correspond to a feasible matrix Y are
given by

K = F1 +F2UF3 (78)

where U is a free parameter matrix such that kUk< 1,
the matrices F1, F2 and F3 are defined as in (70), and

©= (Q¡£R£T+£R¤T−¤R£T)¡1 (79)

− = (¤R¤T) (80)

¡ =
·
0

¡I

¸
, Q =

·
Y 0

0 °2I

¸
, R =

·
Y 0

0 I

¸
(81)

£ =
·
A B

L 0

¸
, ¤= [C D]: (82)

PROOF The parametrization (79)—(82) results from
the parametrization (60)—(63) of all solution of the
general matrix inequality (57) noting that

¡ =
·
0

¡I

¸
, ¤= [C D], £ =

·
A B

L 0

¸
and

Q =
·
Y 0

0 °2I

¸
, R =

·
Y 0

0 I

¸
:

IV. L2¡L1 FILTERING

Given a stable nth-order linear time-invariant
system (1)—(3) with D = 0, the L2¡L1 optimal

filtering problem is to find a filter F with state-space
formulation (4)—(5) and order n̂· n to minimize the
peak value kekL1 of the estimation error e= z¡ ẑ over
all bounded energy disturbances w, that is

min
F

sup
w2L2¡f0g

kekL1
kwkL2

: (83)

Hence, the optimal L2¡L1 filter minimizes the
energy-to-peak value gain of the system form
the disturbance w to the estimation error e. The
°-suboptimal L2¡L1 filtering problem is to find
(if it exists) a filter F such that this gain is less than
a given positive scalar °. The assumption D = 0
guarantees that the L2¡L1 gain is finite.
The following result provides a characterization of

the L2¡L1 gain of a system [31, 35].

LEMMA 6 Consider a stable linear time-invariant
system

_x= Acx+Bcw (84)

y = Ccx (85)

and let ° be a given positive scalar. The L2¡L1 gain
of the system is less that °, that is

sup
w2L2¡f0g

kekL1
kwkL2

< ° (86)

if and only if there exists a matrix P > 0 such that

AcP+PA
T
c +BcB

T
c < 0 (87)

CcPC
T
c < °

2I: (88)

Using these result and the matrix inequality
solvability conditions of Lemma 2, necessary and
sufficient conditions for L2¡L1 filtering can be
derived as follows.

THEOREM 9 There exists an n̂th-order filter F to solve
the °-suboptimal L2¡L1 filtering problem if and only
if there exist matrices X and Y with 0<X · Y such
that the following conditions are satisfied·

XA+ATX XB

BTX ¡I

¸
< 0

(89)·
CT? 0

0 I

¸·
YA+ATY YB

BTY ¡I

¸·
CT?T 0

0 I

¸
< 0

(90)

CT?
μ
Y¡ 1

°2
LTL

¶
CT?T > 0

(91)

rank(X ¡Y)· n̂:
(92)
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PROOF The filtering error dynamics is described by

_x= (A+BF1M)x+Dw (93)

e= (C¡F2M)x (94)

where x= [xT »T]T and A, B, C, D, M, are defined as
in (31), (32) and the augmented matrices

F1 = [H G], F2 = [K J] (95)

contain the unknown filter parameters. According to
the Lemma 6, the L2¡L1 gain of the error system is
less than ° if and only if there exists a matrix P such
that

(A+BF1M)P+P(A+BF1M)
T+DD

T
< 0 (96)

(C¡F2M)P(C¡F2M)T < °2I:
(97)

The unknown matrices F1 and F2 that contain the
reduced-order filter parameters appear independently
in the matrix inequalities (96) and (97). Using the
results of Lemma 2, the necessary and sufficient
conditions for the matrix inequality (96) to have a
solution F1 are

B
?
(AP+PA

T
+DD

T
)B
?T
< 0

(PM
T
)?(AP+PA

T
+DD

T
)(PM

T
)?T < 0:

Noting that

B
?
= [I 0], (PM

T
)? =M

T?
P¡1 = [CT? 0]P¡1

and defining the following partitioning for P and P¡1

P =
·
Z Z12

ZT12 Z22

¸
, P¡1 =

·
Y Y12

YT12 Y22

¸
: (98)

we obtain (90) and

AZ +ZAT+BBT < 0: (99)

Condition (89) is obtained from (99) by setting
X = Z¡1and using Lemma 3. Lemma 5 provides
the necessary and sufficient condition for the matrix
inequality (97) to have a solution F2

M
T?
μ
P¡1¡CT 1

°2
C

¶
M
T?T

> 0

which results in (91). Condition (92) is obtained from
the definitions (98) as in Theorem 1.

The following result parametrizes all n̂th-order
reduced-order L2¡L1 filters in terms of a contractive
matrix.

THEOREM 10 All °-suboptimal n̂th-order L2¡L1
filters that correspond to a feasible matrix pair (X,Y)

are given by

[H G] =¡R¡1BT©PMT
ª +−1=2Lª1=2 (100)

[K J] =¡CPMT
(MPM

T
)¡1

+¢¡1=2N(MPM
T
)¡1=2 (101)

where the matrices ©, R and L and N are free
parameters subject to

©= (BR¡1B
T¡AP¡PAT¡DDT)¡1 > 0,

R > 0, kLk< 1, kNk< 1
(102)

−, ª and ¢ are defined by

− = R¡1¡R¡1BT(©¡©PMT
ªMP©)BR¡1,

(103)
ª = (MP©PM

T
)¡1

¢= f°2I¡CPCT+CPMT
(MPM

T
)¡1MPC

Tg¡1:
(104)

PROOF Expression (100) follows from the
parametrization of all solutions F1 of the matrix
inequality (96) using Lemma 2. Expression (101)
follows from the parametrization of all solutions F2
of the matrix inequality (97) using Lemma 5.

Particularly simple necessary and sufficient
conditions can be obtained for this static
(zeroth-order) L2¡L1 filtering problem.

THEOREM 11 There exists a static filter F to solve the
zeroth-order °-suboptimal L2¡L1 filtering if and only
if there exists a matrix Y > 0 such that the following
conditions are satisfied·

YA+ATY YB

BTY ¡°2I

¸
< 0 (105)

CT?
μ
Y¡ 1

°2
LTL

¶
CT?T > 0: (106)

PROOF The conditions follow from Theorem 9 by
setting n̂= 0 and noting that (90) is redundant in this
case.

The constraints (105) and (106) are convex
constraints, therefore the static L2¡L1 filtering
problem is a convex LMI optimization. For a static
filter (75) we obtain the following result.

THEOREM 12 All static L2¡L1 filters F that
correspond to a feasible matrix Y are given by

K =¡LY¡1CT(CY¡1CT)¡1 +¢¡1=2L(CY¡1CT)¡1=2
(107)

where L is a free parameter matrix such that kLk< 1,
and

¢= f°2I¡LY¡1LT+LY¡1CT(CY¡1CT)¡1CY¡1LTg¡1:
(108)
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PROOF The result follows easily from Theorem 10
for n̂= 0.

Given a stable nth-order discrete-time linear
system (48)—(50) with D = 0, the discrete-time l2¡ l1
filtering problem is to find a filter F with state-space
formulation (51)—(52) and order n̂· n to minimize
the peak value kekl1 of the estimation error e(k) =
z(k)¡ ẑ(k) over all bounded energy disturbances w(k),
that is

min
F

sup
w2l2¡f0g

kekl1
kwkl2

: (109)

The following result characterizes the discrete-time
systems with bounded l2¡ l1 gain [31, 35].
LEMMA 7 Consider a stable linear discrete-time
system

x(k+1) = Acx(k) +Bcw(k) (110)

y(k) = Ccx(k)+Dcw(k) (111)

and let ° be a given positive scalar. The l2¡ l1 gain of
the system is less that °, that is

sup
w2l2¡f0g

kekl1
kwkl2

< ° (112)

if and only if there exists a matrix P > 0 such that

AcPA
T
c +BcB

T
c < P (113)

CcPC
T
c +DcD

T
c < °

2I: (114)

The necessary and sufficient conditions for
discrete-time l2¡ l1 filtering and the parametrization
of all filters are as follows. The proofs follow the
same lines as in the continuous-time case and they
have been omitted.

THEOREM 13 There exists an n̂th-order filter F to
solve the discrete-time °-suboptimal l2¡ l1 filtering
problem if and only if there exist matrices X and Y
with 0<X · Y such that the following conditions are
satisfied ·

X ¡ATXA ¡ATXB
¡BTXA I¡BTXB

¸
> 0

(115)·
CT

DT

¸?·Y¡ATYA ¡ATYB
¡BTYA I¡BTYB

¸·
CT

DT

¸?T
> 0

(116)·
CT

DT

¸?24Y¡ 1
°2
LTL 0

0 I

35·CT
DT

¸?T
> 0

(117)

rank(X ¡Y)· n̂:
(118)

THEOREM 14 All °-suboptimal n̂th-order l2¡ l1
filters that correspond to a feasible matrix pair (X,Y)
are given by

[H G] =¡R¡1BT©PMT
ª +−1=2Lª1=2 (119)

[K J] =¡CPMT
(MPM

T
)¡1

+¢¡1=2N(MPM
T
)¡1=2 (120)

where the matrices ©, R and L and N are free
parameters subject to

©= (BR¡1B
T¡AP¡PAT¡DDT)¡1 > 0,

R > 0, kLk< 1, kNk< 1
(121)

−, ª and ¢ are defined by

− = R¡1¡R¡1BT(©¡©PMT
ªMP©)BR¡1,

(122)
ª = (MP©PM

T
)¡1

¢= f°2I¡CPCT+CPMT
(MPM

T
)¡1MPC

Tg¡1:
(123)

THEOREM 15 There exists a static filter F to solve the
zeroth-order °-suboptimal l2¡ l1 filtering if and only
if there exists a matrix Y > 0 such that the following
conditions are satisfied·

Y¡ATYA ¡ATYB
¡BTYA I¡BTYB

¸
> 0 (124)

CT?
μ
Y¡ 1

°2
LTL

¶
CT?T > 0: (125)

The constraints (105) and (106) are convex
constraints, therefore the static l2¡ l1 filtering
problem is a convex LMI optimization. For a static
filter (75) we obtain the following result.

THEOREM 16 All static l2¡ l1 filters F that
correspond to a feasible matrix Y are given by

K =¡LY¡1CT(CY¡1CT)¡1 +¢¡1=2L(CY¡1CT)¡1=2
(126)

where L is a free matrix parameter such that kLk< 1,
and

¢= f°2I¡LY¡1LT+LY¡1CT

£ (CY¡1CT)¡1CY¡1LTg¡1: (127)

V. COMPUTATIONAL TECHNIQUES FOR
REDUCED-ORDER H1 AND L2¡L1 FILTERING

Computational techniques for solving feasibility
and optimization problems described by LMIs have
received considerable attention in the last few years.
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Fast and reliable algorithms have been developed
for numerical solution and software packages that
implement these algorithms are now available [13,
14]. As we have seen in Sections II—IV, the full-order
and the zeroth-order (static) H1 and L2¡L1 filtering
problems result in (convex) LMI feasibility or
optimization problems. However, in general the
reduced-order filtering problems are nonconvex due
to the rank constraint sets (28), (66), (92), or (118) of
Theorems 1, 5, 9, or 13, respectively. Many control
design problems with fixed controller order result in
similar feasibility of optimization problems involving
rank constraint sets, and numerical techniques have
been proposed recently to address these problems
[9, 10, 17], but with no guaranteed convergence to a
feasible solution.
In this section the method of alternating

projections is outlined to solve the °-suboptimal
reduced-order H1 and L2¡L1 filtering problems.
Alternating projections have been used in the past
in statistical estimation and image reconstruction
problems [8, 36]. The basic idea behind these
techniques is the following: Given a family of convex
sets, a sequence of alternating projections onto these
sets converges to a point in the intersection of the
family. For the case of nonconvex sets, convergence of
the alternating projections is guaranteed only locally,
i.e., when the initial starting point is in the vicinity
of a feasible solution [8]. Alternating projections for
solving nonconvex feasibility problems have been
used in the past in image reconstruction problems
with very satisfactory results [34]. Several variations
of this standard approach have been proposed to solve
minimum distance problems with respect to a family
of convex sets [5, 21] and to accelerate the rate of
convergence using information about the direction
towards the intersection [20].
The standard alternating projection algorithm is

given by the following result [6].

THEOREM 17 Let fC1,C2, : : : ,Cng be a family of
closed, convex sets in a Hilbert space H such that the
intersection C1 \C2 \ ¢¢ ¢ \Cn is nonempty, and define
by Pi the orthogonal projection operator onto the set
Ci. Then the sequence of alternating projections

x1 = P1x0
x2 = P2x1
...

xn = Pnxn¡1
xn+1 = P1xn
xn+2 = P2xn+1

...

(128)

converges to a point in the intersection C1 \C2 \
¢ ¢ ¢ \Cn for any initial vector x0. If the intersection is
empty, the sequence of alternating projections does not
converge.

If some of the sets Ci are not convex then only
local convergence of the sequence of alternating
projections is guaranteed [8]. Modifications of the
standard alternating projection algorithm (128),
that utilize the tangent planes of the constraint sets
have been shown to converge faster to a feasible
solution [17, 18]. These techniques are very simple
to implement.
To utilize the alternating projection techniques to

solve the °-suboptimal H1 filtering problem we need
to provide explicit expressions for the orthogonal
projections onto the LMI constraint sets (26)—(27)
and the nonconvex coupling constraint (28) for the
continuous-time case (or onto (64)—(65) and (66)
for the discrete-time case). Expressions for these
projections have been derived in [17].
The following iterative algorithm is proposed to

solve the reduced-order °-suboptimal H1 filtering
problem.

Step 1 Choose initial values for the matrix pair
(X,Y) and the H1 norm bound °.
Step 2 Solve the feasibility problem (26)—(28)

for the continuous-time case (or (64)—(66) for the
discrete-time case) for (X,Y) using the alternating
projection techniques.
Step 3 Decrease the value of the H1 bound °

and return to Step 2 using as initial conditions for the
alternating projection algorithm the solution (X,Y) of
the previous step.

A bisection approach can be used to seek for
the minimum H1 norm bound ° that solves the
optimal reduced-order H1 filtering problem (36).
If the alternating projection algorithm in Step 2
does not converge, then the value of ° should be
increased. Note that the algorithm does not guarantee
convergence to a global solution. When a feasible
solution (X,Y) is found, all H1 reduced-order filters
that correspond to this solution can be obtained from
the parametrization (37)—(39) for the continuous-time
case (or (69)—(74) for the discrete-time problem).
Alternative numerical techniques that combine
alternating projections and interior-point algorithms
for reduced-order H1 filtering have been examined in
[2]. A similar approach can be followed to solve the
°-suboptimal L2¡L1 filtering problem.

VI. NUMERICAL EXAMPLE

Consider the following second-order resonant
system:

_x=
·

0 11

¡11 ¡2:2

¸
x+

·
0 0

1 0

¸
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y = [0 1]x+[0 1]w

z = [1 0]x:

This model corresponds to a vibrating system with
natural frequency !n = 11 rad/s and damping ratio
³ = 0:1. The position measurement y is corrupted by
noise and the objective is to estimate a velocity signal
z. We seek to design second, first, and zeroth-order
H1 optimal filters to estimate the signal z from the
measured output y.
The optimal second-order H1 filter is obtained by

solving the convex optimization problem

minimize
X,Y

° (129)

subject to the constraints (26) and (27) with respect to
the matrix variables X and Y. The following solution
was obtained

X =
·
11:1445 ¡1:0602
¡1:0602 10:8579

¸
,

Y =
·
0:3799 0:0465

0:0465 0:3798

¸
and the optimal H1 norm was found to be ° = 0:4156.
Using the parametrization provided in Theorem 2, the
following second-order optimal H1 filter was obtained

_» =
·¡1:2481 ¡11:1618
10:7420 ¡1:5362

¸
»+

·¡0:1017
¡0:1013

¸
y

ẑ = [2:7139 ¡ 2:1318]»:

Hence, this filter guarantees that for any unit energy
disturbance w, the estimation error signal energy will
be less that 0.4156.
The solution of the first-order H1 filtering problem

requires the solution of the optimization problem
(129) subject to the constraints (26), (27), and (28).
Alternating projections along with bisection iterations
were used to solve this problem and the following
matrix parameters were obtained

X =
·
0:4662 ¡0:0455

¡0:0455 0:4643

¸
,

Y =
·
0:3957 0:0463

0:0463 0:3962

¸
with an optimal H1 norm ° = 0:4216. The optimal
first-order H1 filter that corresponds to this solution is

_» =¡19:6228»+4:4377y
ẑ = 1:1731»¡ 0:1735y:

The zeroth-order optimal H1 filter is obtained
solving the convex optimization (47) subject to (41)

TABLE I
H1 Norms of Full- and Reduced-Order Optimal Filters

Fig. 1. Maximum singular value plots of filter error dynamics.

and (42). The matrix parameter solution Y is

Y =
·
0:4556 0:0459

0:0459 0:4557

¸
and the optimal H1 norm is ° = 0:4563. The optimal
H1 static filter obtained using Theorem 4 is

ẑ =¡0:0021y:
Table I summarizes the optimal H1 error norms for
the three filters. As expected, the H1 norm increases
as the order of the filter decreases. It is observed that
the first-order filter provides comparable estimation
error levels with the second-order filter.
Fig. 1 shows the maximum singular value plots of

the error dynamics for the three filters. The solid line
corresponds to the second-order filter, the dash-dotted
line corresponds to the first-order filter and the dashed
line corresponds to the zeroth-order filter. The peak
of each maximum singular value plot provides the H1
estimation error.
The solutions of the LMI optimizations were

obtained using the MATLAB LMI Control Toolbox
[14].

VII. CONCLUSIONS

An explicit characterization of the solutions to
the full- and reduced-order H1 and L2¡L1 filtering
problems was provided. Necessary and sufficient
conditions were obtained in terms of LMIs and a
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coupling rank constraint set, and a parametrization
of all reduced-order filters was derived in terms
of a contractive matrix. Both continuous-time and
discrete-time results were presented. The solution of a
nonconvex feasibility problem is required to compute
reduced-order filters and alternating projection
algorithms are proposed to address the computational
issue, although global convergence of the technique is
not guaranteed. The static filtering problem reduces to
a convex LMI problem.
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