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Alternating Projection Methods* 
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Computational techniques that exploit the geometry of the design space are 
proposed to solve fixed-order control design problems described in terms of 

linear matrix inequalities and a coupling rank constraint. 
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Abstract-Computational techniques based on alternating 
projections are proposed to solve control design problems 
described by linear matrix inequalities (LMIs). In particular, 
we concentrate on the stabilization and the suboptimal H, 
output feedback control design problems. These problems can 
be described by a pair of LMIs and an additional coupling 
condition. This coupling condition is convex for the full-order 
control design problem, but convexity is lost for the control 
problem of order strictly less than the plant order. We 
formulate these problems as feasibility problems with matrix 
constraint sets of simple geometry, and we utilize this 
geometry to obtain analytical expressions for the orthogonal 
projection operators onto these sets. Full-order and 
low-order controllers are designed using alternating projec- 
tion methods. For the full-order controller case, global 
convergence of the alternating projection methods to a 
feasible solution is guaranteed. However, for the low-order 
control case, only local convergence is guaranteed. An 
example is provided to illustrate the use of these methods for 
the full-order and the low-order controller design. Copyright 
0 19% Elsevier Science Ltd. 

1. INTRODUCTION 

In the past few years, linear matrix inequalities 
(LMIs) have received considerable attention for 
control analysis and design (Packard et al., 1991; 
Gahinet, 1992; El Ghaoui and Gahinet, 1993; 
Gahinet and Apkarian, 1993, 1994; Boyd et al., 
1994; Iwasaki and Skelton, 1994, 1995). The 
number of control problems that can be 
formulated as LMI problems is large and 
continues to grow. A large number of control 
design problems formulated as LMIs appear in 
Skelton et al. (1996). Hence there is an 
increasing interest in the numerical solution of 
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LMI problems. The full-order control design 
problems are convex problems, and standard 
nonsmooth convex programming (e.g. the 
ellipsoid algorithm or the cutting-plane algo- 
rithm) can be applied for a solution. In addition, 
more specialized methods, based on interior 
point techniques, have been suggested recently 
by Boyd and El Ghaoui (1993), Nesterov and 
Nemirovskii (1994), Boyd et al. (1994) and 
Vandenberghe and Boyd (1995) for computa- 
tional solutions (see also Gahinet and Nemirov- 
skii, 1993). These algorithms converge in 
polynomial time, and the problem structure is 
exploited to increase efficiency. However, the 
fixed-control design problems (where the order 
of the controller is less than the order of the 
plant) result in an LMI formulation with an 
additional nonconvex, matrix rank constraint, 
and there exist no algorithms with guaranteed 
convergence to solve these problems (El Ghaoui 
and Gahinet, 1993). A heuristic algorithm to 
address minimum-rank problems for low-order 
control design was recently proposed by David 
and De Moor (1993), using the opposite of the 
analytic centering direction approach. 

In this paper a new computational approach 
based on alternating projection techniques is 
proposed for full-order and low-order control 
design problems described by LMIs. These 
techniques have been used successfully in the 
past in image reconstruction problems (see 
Youla and Webb (1982); see also Potter (1991), 
the tutorial paper by Combettes (1993), and the 
references therein), and they have recently 
received attention as control design tools in 
conjunction with the covariance control design 
problem (Grigoriadis and Skelton, 1992; Grigo- 
riadis et al., 1993). In an abstract formulation, 
the idea behind these techniques is the following. 
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Given a family of closed convex sets, the 
sequence of alternating projections onto these 
sets converges to a point in the intersection of 
the family. Several variations of this standard 
approach have been suggested to solve 
minimum-distance problems with respect to a 
family of convex sets (Boyle et al., 1986; Han, 
1988) and to accelerate the rate of convergence 
using information about the direction towards 
the intersection (Gubin et al., 1967). It is 
important to emphasize that it is required that 
the sets have a simple geometric structure so that 
analytical expressions for the projection opera- 
tors onto these sets can be derived. This fact 
provides an advantage of these methods with 
respect to traditional nonsmooth convex op- 
timization methods (e.g. the ellipsoid algorithm 
or the cutting plane algorithm; Boyd and 
Barratt, 1991) since the structure of the 
constraint sets is taken into account. In the 
present work we are interested in constraint sets 
that are not convex. However, in this case 
convergence of the alternating projection tech- 
niques can be guaranteed only locally, i.e. when 
the initial starting point is in a neighborhood of a 
feasible solution (Combettes and Trussell, 1990). 
Alternating projections for nonconvex constraint 
sets have also been used in the past in image 
reconstruction problems with very satisfactory 
performance (Weber and Allebach, 1986). 

In the present work we propose alternating 
projection methods to solve the full-order and 
the reduced-order stabilization and suboptimal 
Z-Z, control design problems. We shall take 
advantage of the corresponding controller 
parametrizations in terms of linear matrix 
inequalities (LMIs) provided by Packard et al. 
(1991), El Ghaoui and Gahinet (1993), Gahinet 
and Apkarian (1993, 1994), and Iwasaki and 
Skelton (1994, 1995). We formulate these 
problems as feasibility problems with matrix 
constraint sets of simple geometry, and we utilize 
this geometry to obtain analytical expressions for 
the orthogonal projection operators onto these 
sets. The static state feedback and the full-order 
dynamic output feedback control problems result 
in convex feasibility problems, and the alternat- 
ing projections are guaranteed to converge to a 
feasible solution, if one exists. The reduced- 
order control design problem results in a 
nonconvex feasibility problem of simple ge- 
ometry, and alternating projection methods are 
also applied for a numerical solution. In this case 
global convergence of the algorithm is not 
guaranteed, but our numerical experience 
indicates that reduced-order controllers can 
usually be designed following this approach. An 

abridged version of this paper was presented by 
Grigoriadis and Skelton (1993). 

We shall use the following notation: AT will 
denote the transpose of a matrix A and A’ will 
denote a matrix with the following properties: 
.N(A’) = %(A) and ALAIT> (where X 
denotes the null space and 2i2 the range of a 
matrix). Note that, for a given A, the matrix A’ 
is not unique, but any such a choice will be 
acceptable throughout this paper. A superscript 
asterisk * will denote a feasible or optimal 
solution and tr (-) will denote the trace of a 
matrix. 

2. PRELIMINARIES 

In this section the LMI formulation of the 
stabilization and the H, suboptimal control 
design problem is reviewed. We consider a 
linear, time-invariant, continuous-time dynami- 
cal system with the following state-space 
representation: 

i=Ax+B,w+&u, (la) 
2 = c,x + Q,w + D,*u, (lb) 
y = c,x + I&w, W) 

where x(t) E IF@ is the plant state vector, 
u(t) E RF is the control input, w(t) E R”- is the 
external input (which includes plant disturbances 
and measurement noise), z(t) E IIF is the 
regulated output and y(t) E R”y is the measured 
output. We seek a linear, time-invariant, 
continuous-time controller of order ncr with 
state-space representation 

i, = A,x, + B,y, 

u = ccx, + D,y, 
(24 

(2b) 

where x,(t) E IF is the controller state vector. 
We first consider the noise-free (w = 0) 

stabilization problem. The following result 
provides necessary and sufficient conditions for 
the existence of a stabilizing controller of a 
specified order (El Ghaoui and Gahinet, 1993; 
Iwasaki and Skelton, 1995). 

Theorem 2.1. The following statements are 
equivalent. 

(a) There exists a stabilizing dynamic output 
feedback controller of order IZ,. 

(b) There exist matrices X > 0 and Y > 0 such 
that 

B:(AX + XAT)BiT < 0, 

C;‘(YA + ATY)C;lT < 0, 

(34 

(3b) 

x I 

[ 1 x I 

I Y 
2 0, rank 

[ 1 I Y 
(np +n,. (3c) 
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In Iwasaki and Skelton (1995) all stabilizing 
controllers of order n,, which correspond to a 
feasible solution (X, Y) of (2.3), are paramet- 
rized in terms of a contraction. 

Next, we review the necessary and sufficient 
conditions for the existence of an H, suboptimal 
controller of a specified order (Iwasaki and 
Skelton, 1993, 1994; El Ghaoui and Gahinet, 
1993; Gahinet and Apkarian, 1993, 1994). Given 
a scalar y >O, we define an 25, suboptimal 
controller for the system (1) to be a stabilizing 
controller such that the transfer function from w 
to z has Z%, norm less than y. Without loss of 
generality, we assume y = 1. 

Theorem 3.1. The following statements are 
equivalent. 

(a) There exists an H, suboptimal controller 
of order n,. 

(b) There exist matrices X > 0 and Y > 0 such 
that 

& .L AX + XAT + B, BT 

[ I[ XC: + BIDT, 

012 C,X + D,,B; DIIDTI - Z 1 
B2 IT 

’ 012 [ 1 <O (4a) 

YA + ATY + CTC, YB, + CTD,, 

B:Y + D:,C, D:ID,I - Z 1 
T IT G 

’ D:I [ 1 ~0, (4b) 

x z 
[ 1 z Y 

2 0, rank 
x z 

[ 1 z Y 
% IIP + n,. (4c) 

Given a feasible pair (X, Y), all H, suboptimal 
controllers of order n, corresponding to this pair 
are parametrized in Iwasaki and Skelton (1993, 
1994) in terms of a contractive matrix. 

As pointed out in the above references, the 
parametrizations (3) and (4) are convex for the 
case of full-order controllers, i.e. when n, = nP. 
In this case the rank constraints in (3) and (4) 
are trivially satisfied and the problems are 
reduced to LMI convex feasibility problems. 
However, the reduced-order controller case 
n, <n, is no longer convex, since the rank 
conditions in (3~) and (4~) are not convex in the 
parameter space (X, Y). 

3. A PROJECTION FORMULATION OF THE LMI 
PROBLEM 

In this section we reformulate the LMI 
feasibility problems of the previous section as a 
matrix feasibility problem of a simpler geometry. 
This allows us to explicitly derive the expressions 
for the orthogonal projection operators onto the 
constrained sets (3) and (4). These projections 

will lead us to alternating projection techniques 
for the solution of the stabilization and H, 
suboptimal control design problems. 

To start our discussion, we consider the 
following set of real symmetric matrices: 

To begin, let 5fn be the set of real symmetric 
n X n matrices equipped with the Frobenius 
norm llXl[ = [tr (X2)]‘” and the inner product 
(X, Y) = tr (XY), where X, Y E yn. Let Ce be a 
given closed and convex set in ym and X be a 
given symmetric matrix in Sp,,. We define the 
projection X* of X onto % to be the unique 
matrix in %’ that minimizes the distance from X; 
that is, X* satisfies /IX - X*II 5 [IX -2 II for 
any matrix X in %‘. It is well known (Luenberger, 
1968) that X* is the unique matrix in % that 
satisfies (X* - X, X* - 8) 5 0 for any matrix B 
in Ce. We shall denote the projection of X onto % 
by X* = P,,(X). 

.Zg {X E yn : EXF + FTXET + Q < 0}, (5) 

where the matrices E, F and Q E yn are given 
real matrices of compatible dimensions. It can be 
easily verified that 55’ is a convex subset of Sp,,. 
Note that each one of the LMI constraints 
(3a, b) and (4a, b) can be written as in (5) by 
appropriate choices of the matrices E, F and Q. 
For example, the LMI (3a) takes the form in (5) 
on defining 

Eg [D”I]‘[ ;], Fg [I 0][;2]LT, 
12 1 12 

Qg [;‘]I[ BlBT 

12 

BID:I ][ B21LTa 

D,lBT D,lD:, - 1 02 

For computational purposes, we prefer to have 
closed sets (i.e. sets that include their limit 
points), so we consider the following closed 
‘c-approximation’ of the set 9 

~~~{XEY),:EXF+F~XE~+Q~-,Z}, (6) 

where .s is a small positive constant. Hence the 
set yc is closed, convex, contained in 5 and 
approaches .JZ as E+ 0. We shall use 5$ to 
represent (in an c-approximation sense) any of 
the constraint sets defined by the LMIs (3a, b) 
and (4a, b) by an appropriate choice of the 
matrices E, F, Q and X. 

The next result provides a decomposition of 
the set 5& into two closed, convex sets of simpler 
geometry by increasing the dimension of the 
parameter space. 

Proposition 3.1. Define the following sets in y*,,: 

Aq W E Y;,:[E F~]w[:] 5 -Q,}, (7a) 
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W,,=K2=0, W,,EY), , (7b) 
where Q, 4 Q + cl. Then the following state- 
ments are equivalent: 

(a) X E %, 
(b) X = W12, where W E $E f~ 5 

Proof Let X be in Ze. Then X satisfies 

EXF + FTXET I -Qe, 

which is equivalent to 

(8) 

[E F’l[; ;][“,‘I 5 -QE. 

This provides condition (b). Conversely, if X 
satisfies (b) then simple calculations reveal that 
(8) holds; hence X is in &. 0 

Therefore the two closed convex sets $E and 9 
can be used to provide an equivalent description 
of the LMI constraint set Ye. The advantage of 
describing the set .Z& in terms of the intersection 
8; n .Y follows from the fact that we can obtain 
explicit expressions for the orthogonal projection 
operators onto the sets ,$g and .Y. These 
expressions are computed next. To begin, we 
need the following result (Higham, 1988). 

Lemma 3.1. Let A4 E Sp, be a given symmetric 
matrix and let M = OZ.OT be the eigenvalue- 
eigenvector decomposition of M, where E is a 
diagonal matrix of eigenvalues and 0 is an 
orthogonal matrix of normalized eigenvectors. 
Then the orthogonal projection of M onto the 
set of positive-semidefinite matrices M 20 is 
given by 

M” = @E+@, (9) 

where E, is the diagonal matrix obtained be 
replacing the negative eigenvalues of M in E by 
zero. 

The following proposition provides the ortho- 
gonal projection onto the constraint set $e. 

Proposition 3.2. Let W E Y;,,. Consider the 
singular-value decomposition of [E FT] 

[E FT] = U[I: O]VT, (104 

where U and V are orthogonal matrices, and 
define 

Consider the eigenvalue-eigenvector decomposi- 
tion 

w,, + Z,-‘UTQ,UZ-’ = LALT, (1Oc) and, by substituting the singular-value decom- 

where A is a diagonal matrix that contains the 
eigenvalues of the matrix w,, + Z-‘UTQ,UZ-’ 
and L is the corresponding orthogonal matrix of 
the normalized eigenvectors. The projection 
W* = P9c(W) of W onto the set J?;, defined in 
(7a), is given by 

where 

w:, = LA_LT - Z-‘UTQ,Ux-‘, (104 

and A_ is the diagonal matrix obtained by 
replacing the positive eigenvalues of A by zero. 

Proof. Let 

by any matrix in $_ where @,, E Sp,. To show 
that W* is the projection of the matrix W on the 
set ,$_ we need to show that the inner product 
(W* - W, W* - I@) is nonpositive. Let V be 
defined from the singular-value decomposition 
(lOa). (Note that [E FT] is a full-row-rank 
matrix; hence Z in (lOa) is a nonsingular 
diagonal matrix.) Since V is orthogonal, we have 

(w*-w, w*-W) 

= (VTW*V - vTwv, vTw*v - VWV). 

Define the partitioned matrix 

where the partition is as in (lob). Hence 

(w*-w, w*-IV> 

=([;; %]-[?i 521, 

-[$ ;:]-[;;Z %J) 

=([ 

W& - W,, 0 w:, - w,, w,, - w,, 0 I[ 0 ) Ivy,-Rq, r;i;;24$2 I> 
= (WT, - WI,, WT, - W,,). (11) 

where (10d) has been used. Now observe that, 
since @ E $$, we have 
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position (lOa), and pre- and post-multiplying by 
UT and C-‘, we obtain 

[I O]V’@V[ ;] 5 -Z-‘UTQFLIc-‘, 

or 

Hence, t%‘,, is an element of the set 

{W,, E Sp, : W,, 5 -Y’iJTQEUT’}. 

Now note that, from Lemma 3.1, the orthogonal 
projection of the matrix w,, onto this set is the 
matrix I@, defined in (1Oe). Hence, according to 
(6), the following inner-product condition is 
satisfied: 

(WT, -IV,,, W:, - W,,)IO. 

That is, the inner product in (11) is nonpositive, 
and this completes the proof. 0 

Proposition 3.3. Let W E Y;,,. The orthogonal 
projection W* = PAW) of W onto the set F, 
defined in (7b), is provided by 

w* = [i* ;*I, (12) 

where X* = (W,, + WT,)/2. 

Proof. It is clear that .Y is a subspace of Y;, and 
W* is in F. Now let 

be in $,, and let 

@= 0 * 
[ 1 2 0 

be any element of Y. Then simple calculations 
reveal that 

(w-w*, W-w*> 

= tr 
{[ 

W,, 0% - WY*) 

l(WT, - w,,) w,, I 

[ 

0 

x B - $(W,, + WT2) 
X - l(W,* + G) 

w,, I) . = o 

Hence W* is the orthogonal projection of W on 
3. 0 

In addition to the LMI constraint sets, we are 
interested in deriving explicit expressions for the 

orthogonal projection onto the positivity and the 
rank constraint sets corresponding to the 
conditions (3~) and (4~). To this end, we define 
the following sets in Yzpzn: 

SIG ZEY;,:Z= 1 x 0 [ I 0 Y' 
X,YEsp, Y (13) 

1 

C@{Z E $,,:Zz-J}, (14) 

?ii!e{Z E Y;,:rank(Z+J)Sk}, (15) 

where k is a given integer such that II I k 5 2n, 
and 

Note that the sets 9 and B are closed and 
convex. The expressions for the orthogonal 
projections onto these sets are provided next. 

Proposition 3.4. Let 

Z=[;;; ;;;I ES,. 

The orthogonal projection Z* = P,(Z) of Z onto 
the set SB is given by 

z* = [“O;, z”,,]. (16) 

The proof of this proposition is simple and left to 
the reader. The orthogonal projection onto the 
set 9’ is provided by the following result, which 
follows from Lemma 3.1. 

Proposition 3.5. Let Z E YE and let Z + J = 
LhLT be the eigenvalue-eigenvector decom- 
position of Z + J, where A is the diagonal matrix 
of the eigenvalues and L is the orthogonal 
matrix of the normalized eigenvectors. The 
orthogonal projection Z* = Pq(Z) of Z onto the 
set 8 is given by 

Z*=LA,LT-J, (17) 

where A+ is the diagonal matrix obtained by 
replacing the negative eigenvalues of A by zero. 

Hence this projection requires an eigenvalue- 
eigenvector decomposition of the n x n 
symmetric matrix Z + J. 

We note that the rank constraint set 3, 
defined by (15), is a closed set, but it is not 
convex. Therefore, given a matrix Z in Y;,, 
there might be several matrices in %Y that 
minimize the distance from Z. We shall call any 
such matrix a projection of Z on CR The 
following result (see Horn and Johnson, 1985) 
provides a projection onto the set %. 
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Proposition 3.4. Let Z E Y;,, and let Z + J = 
UWT be a singular-value decomposition of 

precisely the set of fixed points of %‘. In fact, 
Cheney and Goldstein (1959) and Gubin et al. 

Z + J. A projection Z* = P,(Z) of Z onto the set (1967) provide an algorithm to compute a vector 
W is given by x in V when %’ is not empty. 

Z*= U&VT-J, w 

where & is the diagonal matrix obtained by 
replacing in Z the 2n - k smallest singular values 
of Z + J by zero. 

To summarize our results, in this section we 
have reformulated the constraint sets of the 
stabilization and H, suboptimal control design 
problems of Section 2 as matrix constraint sets of 
simpler geometric structure. This has enabled us 
to obtain analytical expressions for the projec- 
tion operators onto these sets. In the next 
section we describe alternating projection algo- 
rithms that, using analytical expressions for 
projection operators, can provide numerical 
solutions to feasibility problems. 

Theorem 4.1. (Cheney and Goldstein (1959); 
Gubin et al. (1967).) Let x0 be any vector in X. 
If %? is not empty then @x0 converges to a vector 
x* in % as i+ 03. if V is empty then the sequence 

{Xi);=0 of alternating projections x, = P,xo, 
xz=P*x ,,..., xm=Pmxm-1, xm+l=P,x, ,...) 
does not converge. 

4. ALTERNATING PROJECTION METHODS 

Consider a finite-dimensional Hilbert space X 
and let II*/1 be the norm induced by the inner 
product (a, a). In an abstract formulation, the 
problem we are interested in solving is the 
following. 

Therefore the alternating convex projection 
algorithm provided by Theorem 4.1 can solve the 
feasibility problem (19) when the constraint sets 
%$ are convex. This algorithm can be imple- 
mented very easily in a computer, but may suffer 
from slow convergence (for example, consider 
the case where %, and %$ are hyperplanes with 
‘small’ angles between them). One way to 
overcome this problem is to make use of some 
‘directional information’ in the algorithm. For 
simplicity of presentation, we shall state this 
algorithm for two convex sets, that is, %’ = %‘, rl 
%$. The general case is discussed in Gubin et al. 
(1969). 

Theorem 4.2. (Gubin et al. (1969).) Assume that 
V = V, fl %$ is not empty. Let x0 be any vector in 
X and define the sequence {Xi};=0 by 

Feasibility Probleti. Given a family of closed 
sets %,, y, . . . , %,,, in %‘, find a vector x* E X 
such that 

x*E%+%,n~n...n%~ (19) 

or determine that no such vector exists (i.e., the 
intersection % is empty). 

Xl = 8x0, x2 = p2x1, x3 = PIX2, 

x4=x1 + h,(X3-X,), 

II% -x2112 

hl = (x, - 
x39 Xl -x2) 1 

1st cycle 

In this section we shall review the alternating 
projection techniques given in Cheney and 
Goldstein (1959), Gubin et al. (1967) and 
Combettes and Trussell (1990), to compute a 
solution of the feasibility problem (19). We 
begin by considering the case where all sets %i 
are convex. 

(21) 

x5 = 4x4, X6 = P2X5r x7 = PI&, 

X8 = x5 + h2(X7 - x5), 2nd cycle 
11x5 -xc5112 

h2 = (x5 - 
x7, x5 -kJ ’ 1 

Let c be the orthogonal projection from X 
onto the convex set ?$. Recall that Pi is the 
(possibly nonlinear) operator defined by 8x = i, 
where x is in X and .? is the unique element in %i 
solving the optimization problem 

Then the sequence {~;}i”=~ converges to a vector 
x* in %. If 0 is empty then the sequence {Xi}~zo 
does not converge. 

Therefore the algorithm of Theorem 4.2 may 
provide an efficient computational technique to 
solve the feasibility problem corresponding to 
(19) for the case where all sets %i are convex. 

IlX-aII=inf{Ilx-yll:y E%i}. (20) 

Now define the composition operator @ on X by 
Q, 4 PmPm_l * * * P,. It follows that @ is a 
contraction operator and the convex set % is 

Since the low-order control design problems 
involve a nonconvex set, we are interested to 
seek a solution to the feasibility problem (19) for 
the case where some of the sets %i are not 
convex. To extend our projection techniques to 



Low-order control design for LMI problems 1123 

this case, we defme the orthogonal projection to 
a nonconvex set %‘i to be given by any solution of 
the minimum-distance problem (20). We note 
that a given point in X might have several 
projections (possibly infinite) to a nonconvex set 
%‘ie,. Unfortunately, when some of the sets %?i are 
nonconvex, the alternating projection algorithms 
of Theorems 4.1 and 4.2 are not guaranteed to 
converge to a feasible solution, even when such 
a solution exists. However, it can be shown that 
the convergence to a feasible point is still 
guaranteed in a local sense, i.e. when the starting 
point of the algorithm is in a neighborhood of a 
feasible solution (Combettes and Trussell, 1990). 

The following procedure is proposed to 
address the low-order control design problem. 

Step 1. 

Step 2. 

Step 3. 

Solve the feasibility problem (3) or (4) 
that corresponds to a full-order con- 
troller 12, = nP. This is a convex problem, 
and convergence of the alternating 
projection algorithms to a feasible 
solution (X, Y) is guaranteed. 

Consider the problem where the con- 
troller order is reduced by one; that is, 
set n, = IZ, - 1. Using the solution of the 
previous step as an initial condition, 
solve the low-order controller feasibility 
problem (3) or (4) using the proposed 
algorithms. 

Return to Step 2, until the controller 
order IZ, is the desired one or until the 
alternating projection algorithm does not 
converge. In this last case a different 
initial condition might be tried for 
solving Step 1, and the process can be 
repeated. 

The control design problem of order n, = np - 1 
corresponds to a feasible solution on the 
boundary of the positivity constraint set (3~) or 
(4~). Hence, since the projection onto this set is 
always a point on the boundary, the above 
iterative scheme is guaranteed to find a 
controller of order at most nP - 1. 

We conclude this section by summarizing the 
fact that alternating projection techniques 
provide simple and easily implementable algo- 
rithms for solution of feasibility problems. These 
algorithms require expressions for the projection 
operators onto the constraint sets; therefore 
these sets must have a simple geometry so that 
such expressions can be analytically derived. For 
convex feasibility problems, these algorithms 
converge globally to a feasible solution, that is, 
for any initial starting point. However, for 

nonconvex problems, convergence to a feasible 
solution is guaranteed only locally, that is, when 
the initial starting point is ‘close’ to the 
intersection of the constraint sets. 

5. NUMERICAL EXAMPLES 

In this section we use the alternating convex 
projection techniques for control design for the 
two-mass-spring system shown in Fig. 1. We 
assume that the two bodies have equal mass 
m, = m2 = 1 and they are connected by a spring 
with stiffness k = 1. We assume that only the 
position of body 2 is measured, and a control 
force acts on body 1; that is, the problem is 
noncollocated. 

A state-space representation of the system for 
the noise-free case (w = 0) is the following: 

0 1 

0 0 

1 0 

-1 0 

0 01% 
(24 

where x1 and x3 are the position and velocity 
respectively of body 1, and x2 and x4 are the 
position and velocity of body 2. 

We are interested in designing a stabilizing 
controller for this system that places the 
closed-loop poles to the left of a vertical line 
Re (z) = -CY in the complex plane. To this end, 
we seek a feasible solution to the set of matrix 
inequalities (3), with A,, replaced by the system 
matrix A + al, where A is the system matrix of 
the system in (22). We set (Y = 0.2, and begin 
with the search for a full-order controller 
(n, = 4). The feasibility problem (3) is a convex 
problem, and our alternating projection methods 
are guaranteed to converge to a feasible 
solution. Using the directional alternating 
projection algorithm of Theorem 3.2, along with 
the orthogonal projection expressions developed 

XI b x,z I- 
1 

4 k 
- ml mz 

0 0 0 0 
\ 

Fig. 1. Two-mass-spring system. 
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in Section 2, we obtain the following feasible 
solution of (3): 

x= 

[ 

2.4864 1.3467 -0.4973 -1.1690 

1.3467 3.4575 0.6304 -0.6915 

-0.4973 0.6304 2.9937 -0.6721 

-1.1690 -0.6915 -0.6721 2.3874 1 
[ 

2.3874 -0.6721 -0.6915 - 1.1690 

Y= 
-0.6721 2.9937 0.6304 -0.4973 

-0.6915 0.6304 3.4575 

-1.1690 -0.4973 1.3467 2.4864 I 

1.3467 ’ 

It can be easily verified that these matrices 
satisfy the conditions (3). The directional 
alternating projection algorithm needed 606 
iterations to this solution (this corresponds to a 
CPU time of 152.66s). Using the results of 
Iwasaki and Skelton (1995) we can obtain the 
following stabilizing controller corresponding to 
the feasible set (X, Y): 

[ 

-0.5231 4.6017 7.5167 0.0000 

0.7067 -0.4077 1.0140 0.0000 
& = 

-0.3783 -5.5355 -5.7237 0.0000 

0.0000 0.0000 0.0000 -33.5333 1 - 8.4938 

0.8348 
x x, + i I 9.0487 yJ 

0.0000 

u = [-0.2128 3.4035 4.4224 O.OOOO]x, 

+ [-6.26921~. 

This controller provides the following closed- 
loop poles: 

-0.2028 f 0.4625i, -0.2257 f l.l387i, 

-0.2982 f 1.67371, -5.2012, -33.5333 

which obviously satisfiy the required settling 
time constraint. 

In the following we seek a second-order 
controller (n, = 2) to satisfy the same require- 
ments. In this case we include the rank condition 
(3~) in the problem as discussed in Section 3. 
The directional alternating projection algorithm 
converged to the following feasible solution: 

[ 

2.7374 1.9351 -0.5475 -1.4226 

1.9351 4.3499 0.6486 -0.8700 
x= 

-0.5475 0.6468 1.5012 -0.2332 ’ 

-1.4226 -0.8700 -0.2332 2.7629 1 
2.7629 -0.2332 -0.8700 -1.4226 

-0.2332 1.5012 0.6486 -0.5475 
Y= [ -0.8700 0.6486 4.3499 1.9351 . 

-1.4226 -0.5475 1.9351 2.7374 1 
It can be easily checked that these matrices 
satisfy the conditions (3) for IZ, = 2. In this case 

the directional alternating projection method 
required 901 iterations (corresponding CPU time 
202.76 s) for convergence. A second-order 
controller corresponding to the feasible solution 
(X, Y) is 

r-O.5667 -1.69541 11.29661 

Xc = 1 0.6145 -0.6373J” + L1.38761” 

u = [-0.2271 -0.55981x, + [1.1671]y. 

This controller provides the following closed- 
loop poles: 

-0.2006 f 0.3778i, -0.2007 f 0.9358i, 

-0.2007 f 1.33431, 

which satisfy the desired pole regional con- 
straint. We note that a second-order controller is 
the lowest-order stabilizing controller for the 
plant (22). 

To provide an indication of the average time 
required for the proposed alternating projection 
algorithm to converge and the increase in 
complexity with the plant order, a series of 
random simulations were performed. Static 
output feedback stabilizing controllers were 
designed by obtaining a feasible solution to the 
LMI constraint set (3a, b) and the coupling 
constraint (3~) for n, = 0. To guarantee the 
existence of a static output feedback stabilizing 
controller, random mechanical systems with 
collocated sensors and actuators were used for 
the design. Two-input two-output random 
mechanical systems of order ranging from 4 to 12 
were used. The algorithm converged to a feasible 
stabilizing static output feedback solution for 
each system we considered. Figure 2 shows the 
average CPU time required, in a SUN SPARC 
IV workstation, for the algorithm to converge, as 
a function of the system order. The average CPU 
time for convergence ranges from 2.49 s for 
np = 4 to 680.09 s for n,, = 12. Each point in the 
figure corresponds to the average of 10 random 
simulations. 

600 

700 

600 
I R 

Fig. 2. CPU average time versus system order. 
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The algorithm appears to be efficient to use 
for small- and medium-size problems, but the 
computational time could be prohibitive for 
large-order problems. Also, it is emphasized that 
the convergence time depends on the ‘size’ of 
the feasible solution set. That is, when 
performance objectives such as the H, norm 
bound or decay-rate constraints are pushed to 
the limit, as in the two-mass-spring example, the 
required computational time is increased 
significantly. 

6. CONCLUSIONS 

Alternating projection techniques have been 
proposed for the computational solution of 
full-order and low-order control design problems 
described by linear matrix inequalities (LMIs). 
In particular, we have treated the stabilization 
and the H, suboptimal control design problems; 
however, many other control analysis and design 
problems can be approached using these 
techniques. We have formulated the above 
problems as matrix set constraint feasibility 
problems of simpler geometry, and have 
obtained expressions for the orthogonal projec- 
tions onto these constraint sets. Alternating 
projection methods are applied for a computa- 
tional solution. These methods are very simple 
to implement. Convergence to a feasible solution 
is guaranteed for the full-order controller case, 
but only local convergence is guaranteed in the 
low-order controller case. A procedure that 
solves a sequence of feasibility problems 
corresponding to a step-by-step reduction of the 
controller order have been proposed to address 
the low-order controller design problem. 
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