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Abstract 

Necessary and sufficient conditions are derived for the existence of a solution to the continuous-time and discrete-time 
H~ model reduction problems. These conditions are expressed in terms of linear matrix inequalities (LMIs) and a coupling 
non-convex rank constraint set. In addition, an explicit parametrization of all reduced-order models that correspond to a 
feasible solution is provided in terms of a contractive matrix• These results follow from the recent solution of the H~ 
control design problem using LMIs. Particularly simple conditions and a simple parametrization of all solutions are obtained 
for the zeroth-order H~ approximation problem, and the convexity of this problem is demonstrated. Computational issues 
are discussed and an iterative procedure is proposed to solve the H~ model reduction problem using alternating projections, 
although global convergence of the algorithm is not guaranteed. 

Keywords." H a  norm model-order reduction; Linear matrix inequalities 

1. Introduct ion 

Modeling of physical systems usually results in complex high-order models and it is often desirable to 
replace these models with simpler reduced-order models without significant error. The model-order reduction 
problem consists of approximating a high-order system G by a lower-order system G according to some given 
criterion. Among the most popular model reduction approaches are the balanced truncation method [31] and 
the optimal Hankel norm model reduction [16]. 

The Ho~ norm of the difference of the two systems is one of the most meaningful measures of the approx- 
imation error. The H ~  model reduction problem, that consists of finding a low-order model (~ such that the 
Ho~ error IIG-GII~ is small, has received considerable attention in the literature [27,30,36,22,29]. In [30] a 
characterization of the solutions of the Ho~ model reduction problem was provided by converting this problem 
into a Hankel norm model reduction through an imbedding process. However, the computational aspect of the 
corresponding imbedding step is still an open problem (although for some special cases analytical solutions 
were obtained). A solution of the zeroth-order Ho~ approximation problem was attempted in [26, 27, 29] using 
similar techniques and an explicit solution of a suboptimal problem was provided. In [22] a linear matrix 
inequality (LMI) approach was followed for H ~  model reduction, utilizing the Bounded Real Lemma. An 
iterative two-step algorithm was proposed but with no guaranteed convergence to the global optimum. 
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In the present work, necessary and sufficient conditions are derived for the solution of the continuous-time 
and discrete-time V-suboptimal Ho~ model reduction problems in terms of linear matrix inequalities (LMIs). 
These results are obtained utilizing the recent characterization of all solutions of the general Ho~ control 
problem via LMIs [11, 23, 15, 12, 24, 33]. In contrast to the technique in [22], the necessary and sufficient 
conditions do not involve the reduced-order model parameters. Also, an explicit parametrization of all reduced- 
order models that correspond to a feasible solution is obtained. Numerical techniques based on alternating 
projections are proposed to solve the H~  model reduction problem following the approach of [17-19]. A 
balanced truncation or optimal Hankel-norm reduced-order model can be used to initialize the algorithm, but 
global convergence of the algorithm is not guaranteed. When the results are restricted to the zeroth-order Ho~ 
approximation, a (convex) LMI problem is obtained and a simple parametrization of all solutions is derived. 

The notation used in this paper is as follows: (.)T denotes the transpose of a matrix and (.)+ denotes the 
Moore-Penrose generalized inverse of a matrix. The norm II " II is the maximum singular value of a matrix 
(denoted also by 6 (.)). 1[. [[o~ denotes the Ho~ norm of a rational transfer function. The standard notation >,  
>i ( <,  ~< ) is used to denote the positive (negative) definite and semidefinite ordering of matrices. 

2. Continuous-time H~ model reduction 

Consider a stable nth-order linear, time-invariant system G with a state-space representation 

~c=Ax + Bu, (1) 

y = Cx + Du, (2) 

where A E R nxn, B E ~nxm, C C Npx. and D E Npxm, and let G(s) = C(sl - A ) - l B + D  . The optimalHoo 
model reduction problem is to find a stable ~th-order system G with state-space representation 

~ =A~ +/~u, (3) 

)3 = C~ +/ )u ,  (4) 

where ,4 E ~×~,  /~ E ~×m, ~ E ~P×~, /) E ~p×m and fi << n, such that the Ho~ norm distance 

[ [ G-  G[[~ = maxo~ff[G(j~o) - G(j~o)] (5) 

is minimized, where G ( s ) =  C ( s l -  . ~ ) - l / ~ + / j  . The 7-suboptimal H~ model reduction problem is to find 
G, if it exists, such that 

IIG - GI I~  < ~ ,  (6) 

where 7 is a given positive scalar. If h = 0, the reduced-order system G is a constant matr ix / )  E Rp×m and 
the model reduction problem is called the zeroth-order H~ approximation problem. 

The balanced truncation method for model reduction [31], that consists of transforming the system G to a 
balanced realization and truncating the states that correspond to the smallest Hankel singular values, provides 
a guaranteed twice-the-sum-of-the-tail Ho~ error bound [10, 16] 

IIG - d l l ~  ~< ~B~2(a~+~ + . . .  + an), (7) 

where the Hankel singular values al,a2 . . . . .  cry, a~+l . . . . .  an are ordered in descending order. The optimal 
Hankel norm model reduction can be chosen to satisfy the sum-of-the-tail error bound [16] 

IIG - d l l ~  ~<~'H __o a~+, + - . -  +"~n- (8) 

The Hankel model reduction is Ho¢ optimal for ~ = n - 1. However, it might be conservative in the general 
case. 
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The following results provide necessary and sufficient conditions for the solution of the y-suboptimal Ho~ 
model reduction problem in terms of LMIs, and an explicit parametrization of all reduced-order models that 
correspond to a feasible solution. 

Theorem 1. There exists an hth-order system G to solve the y-suboptimal Hoo model reduction problem if 
and only if  there exist matrices X > 0 and Y > 0 such that the following conditions are satisfied: 

Aft( + XA T + BB T < O, (9) 

YA + A T y  + c T c  < 0, (10) 

and 

[x 
yI >~0 (11) 

rank 71 ~< n + h. (12) 

All ?-suboptimal hth-order models that correspond to a feasible matrix pair (X, Y) are given by 

[/5 C] = G ,  W G 2 L G 3 , / ~  ~ (13) 

where L ~ ~(p+h)×(m+h) is any matrix such that IILII < 1, and 

0,  = (M, - Q,2Q~2' MT )(M2Q~' MT ) - ' ,  

- l  T G2GT)U2, (14) 0 2 = ( - Q l l  +Q12Q22 Q12 -G1 3 1 

03 = ( -M2QSIMT)  1/2, 

where 

o[0 0j .oE0 '0] 
M, = 0 R2x ' RxL T ' 

° IL x -721 CLxRx]o o [RxL TATCX 
Q,, = , RxLT C T , Q,2 = D], (15) 

° [AX+XAT B 1 
Q22 = BT --I 

and Rx E ~×~ is an arbitrary positive-definite matrix and Lx E R nX~ is an arbitrary matrix factor such 
that 

LxL~ = X - 72y -l.  (16) 

Proof. The necessa~ and sufficient conditions (9)-(12) can be obtained using the state-space representation 
of the system G -  G, 

z = (0 + ~rOD)~ + (P +/~OR)#, 
(17) 

(18) 
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where 

d = [ c  01, 

° 0], ,19, 

/ ~ = [ - I  0], P = D ,  (20) 

(21) 

and applying the conditions of Theorem 2 in [24] (see also [15] or [33]) to guarantee that the transfer function 
of (17)-(18) from ~ to z has H ~  norm less than 7- The parametrization (13)--(16) of all reduced-order models 
that correspond to a feasible solution can be obtained from [24] (see also [33]) using the parametrization of 
all solutions of the H ~  problem for the system (17)-(18). [] 

Hence, the 7-suboptimal H ~  model reduction problem is characterized as a feasibility problem of finding 
a pair of positive-definite matrices (X, Y) in the intersection of the constraint sets (9)-(12). The constraints 
(9)-(11) are convex LMIs, but the coupling constraint set (12) is non-convex. A numerical algorithm based 
on alternating projections onto the constraint sets (9)-(12) will be presented in Section 4 to find a solution 
of the non-convex feasibility problem. 

The solution of the optimal H~  model reduction problem is obtained by solving the following non-convex 
minimization problem: 

minimizex, r 7 (22) 

subject to constraints (9)-(12). 
Particularly simple necessary and sufficient conditions and a parametrization of all solutions can be obtained 

for the zeroth-order H~  approximation problem. 

Theorem 2. There exists a constant matrix 6 to solve the zeroth-order 7-suboptimal Ho¢ approximation 
problem if and only i f  there exists a matrix X > 0 such that the followin9 conditions are satisfied: 

AX +XA T +BB T < 0, (23) 

 24, 
CX -721 " 

All zeroth-order 7-suboptimal H ~  solutions D that correspond to a feasible matrix X are 9iven by 

b = D1 +DzLD3, (25) 

where 

D1 = D - CX(AX + x,4T)-IB, 

D2 = [721 + CX(AX + XAV)- 'XC T] ,/2, 

t 0  3 = [I + BT(AX + XAV)-IB] 1/2 

and L E ~p×m is any matrix such that IILII < 1. 

(26) 

To prove Theorem 2 we need the following result that provides conditions for a block matrix to be positive 
definite or positive semidefinite in terms of the Schur complement (Schur complement formula) (e.g., see 
Ill). 
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Lemma 1. The matrix 

[SI1 S12] 
s =  L sT2 s22 j ' 

where St1 and S22 are symmetric, is positive definite i f  and only if  

Sll > 0 and 322-  sT2SIllSI2 > 0 (27) 

or 

$22 > 0 and $11-$12S221sT2 > 0 (28) 

and positive semidefinite i f  and only i f  

or 

x + >/0 (29) $11>~0, $11S~$12 = $12 and $22 -S12Sl1S12 

+ T $22/> 0, S12S+S22=S12 and S11-S12S22S12>>.0. (30) 

These conditions can be easily modified to test negative definiteness and negative semidefiniteness of a 
matrix. The following result provides an expression for the inverse of a block matrix in terms of its submatrices 
(e.g., see [25]). 

Lemma 2. I f  the matrices $22 and $11 - $12S221S21 are invertible, then 

321 322 = [_S~21S21(811 _8128~21S21)-1 3221312(311 -8123221S21)-1312S221 -~-3221 

Proof of Theorem 2. For fi = 0, condition (12) of Theorem 1 is equivalent to r a n k ( / -  XY) = 0, i.e., 
XY = y21, where X > 0, Y > 0. Hence, using (29) it can easily be shown that condition ( l l )  is trivially 
satisfied. Multiplying (10) on the left and right-hand side by y-1 = ( 1 / 7 2 ) X  provides 

AX "}-XA T q- ~ 2 x c T c x  < O, 

which according to the Schur complement formula (27) is equivalent to condition (24). 
To obtain the parametrization of all zeroth-order 7-suboptimal H a  approximations note that for ~ = 0 

expressions ( 14)-(16) become 

G I = -Q12Q221MT ( MQ221MT ) -1, 

G2 = (),2i + QI2Q~21QT 2 _ G1G;2GT) 1/2, (32) 

G3 = (-MQ22 MT) -  1/2, 

where 

M = [0 I1, 

Q,2 = [CX D], 

By defining 

Q22' _to ~ o 7tT2 

AX +XA v B ] 
Qzz = B T _721 • 

 el2] 
~g2z J ' 
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we obtain after some matrix algebra 

(~1 = CXI/Jl2 t/J221 "[- D, 

(~2 = [],21 + CX(tPll  _ t/Jl2 ~ 1  t/JT2)xcT] , (33) 

~3 =(__!//22 ) I/2 

Using the block matrix inverse expression (31 ) for Q~21 we find after several matrix algebraic manipulations 

I/-/12 Ilgt~l = (AX -~- xAT) - IB ,  

~ull -- ~UlZ 7'~ 1 q'~2 = (AX +)(AT) -t , 

I//22 = - I  - BT(Ax + xAT) - IB .  

Substituting these expression in (33) we obtain (26). [] 

Note that constraints (23) and (24) are convex constraints; therefore the zeroth-order '/-suboptimal H~  
approximation problem is a convex feasibility problem. The optimal zeroth-order H ~  approximation problem 
is a convex minimization problem: 

minimizex 7 (34) 

subject to (23) and (24). Hence, the newly developed numerical algorithms based on interior-point methods for 
convex optimization involving LMIs can be used for a solution [2,32, 3, 13]. The convexity of the zeroth-order 
H a  approximation has been pointed out in [36] (see also [28, 22]). 

3. Discrete-time case 

Next, we consider the discrete-time H~ model reduction problem: Given a stable, nth-order discrete-time 
system 

xk+l =Axk + Buk, 

Yk = Cxk + Duk, 

where G(z)= C ( z l -  A)- tB + D, find a stable rJth-order discrete-time system (~, 

(35) 

(36) 

~k = 6"~k + buk,  

(37) 

(38) 

such that the H a  norm distance 

IIa - GII~ = max ~[G(e i0) - G(eiO)] 
v~E[0,2n] 

(39) 

is minimized, where G(z) = C ( z l -  ,4)-11~ + D. The discrete-time 7-suboptimal H~ model reduction and the 
discrete-time zeroth-order H~ approximation problems are defined accordingly. 

The following results provide necessary and sufficient conditions for the existence of a solution to the 
discrete-time 7-suboptimal H ~  model reduction problem and a state-space parametrization of all reduced- 
order models. 
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Theorem 3. There exists an ~th-order system G to solve the discrete-time y-suboptimal H~ model reduction 
problem if and only i f  there exist matrices X > 0 and Y > 0 such that the following conditions are satisfied: 

.X -- A X ~  T -- BB T > 0, (40) 

Y - A T y A  - c T c  > O, (41) 

yI ~> 0 (42) 

and 

IX yI ] rank ~< n + ~. (43) 
7I Y 

All 7-suboptimal ~th-order models that correspond to a feasible matrix pair (X, Y) are given by 

where L c N(p+~)x(m+~) is any matrix such that IILI[ < 1, and 

G1 = - (  FT q)F)-I FT q)ORAT( ARAT ) -1, 

G2 = (FT~F) -1/2, (45) 

d 3 = { ~ -  O A R O  T [ ~ -  ,r(rT¢r)-lrT,] O R A T ~ }  1/2, 

where 

q~ _~ (Q - ORO T + ORAT(ARAT)-IAROT) -1, 

Q ~  [ ~  0 ] o [)~ ~] [ I  0 ] 
721 , R = , f2 = ° 0 X f  1 ' 

)~ o [Xx T )(PC]Xc ' A=° [ 0 0 0  I 0I]' (46) 

[o o I o ,0] A 0 B 0 0 
O ~  0 , F-°-- 

0 

and Xpc, Xc are arbitrary matrices such that d? > O. 

Proof. The necessary and sufficient conditions for the solvability of the discrete-time y-suboptimal H~ model 
reduction problem and the parametrization of all reduced-order models can be obtained from the characteri- 
zation of all solutions of the discrete-time H~ problem via LMIs (see [23, 33]) following a similar approach 
as in the continuous-time case. [] 

The conditions (40)-(43) and the parametrization of the reduced-order models (44)-(46) can be significantly 
simplified for the case of the discrete-time zeroth-order y-suboptimal H~¢ approximation problem. 

Theorem 4. There exists a constant matrix D to solve the discrete-time zeroth-order y-suboptimal H~  
approximation problem if  and only i f  there exists a matrix X > 0 such that the following conditions are 
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satisfied: 

X - AXA v - BB T > 0, (47) 

X -  A)i[4T - A X C T  ] > o. (48) 
- - C X A  T 721 -- C X C  T 

All constant matrices D that correspond to a jeasible solution X are given by 

b =/01 + D2L/)3, (49) 

where 

101 = D + CXAT (X  - AXAT)-IB, 

/)2 = [721 -- C X C T  - C X A T (  X - AXAT) -IAXCT] U2, (50)  

D3 = [I - B T ( x  - AXAT)-'B] ,.,2 

and L E Npx,~ is any matr ix  such that IIL]I < 1. 

Proof. As in the continuous-time case, for ti = 0, condition (43) of Theorem 3 provides XY = 721, where 
X > 0, Y > 0. Hence, (41) is equivalent to 

X -1 - A T X - 1 A  - ~ 2 c T c  > 0, 

which provides, using the Schur complement formula (30), 

Using the Schur complement formula (30) again we obtain 

X I A T ( 1 / 7 ) 6  T- 

A X 0 > 0 .  
(1/7)C 0 I 

Using the dual formula (29) we get 

] (1/7)cjX [A T (1/7)CT], 

which provides (48). 
The parametrization of all constant matrices b that solve the discrete-time zeroth-order H ~  approximation 

problem is obtained following similar steps as in the continuous-time case. [] 

Notice that constraints (47)-(48) are convex LMI constraints in X; hence convex programming can solve 
the suboptimal and the optimal discrete-time zeroth-order H ~  approximation problems. 

4. Computational techniques for H~ model reduction 

Computational techniques for solving feasibility and optimization problems described by LMIs have received 
considerable attention in the last few years. Fast and reliable algorithms have been developed for numerical 
solution and software packages that implement these algorithms are available by now, e.g., see [14]. As we 
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have seen in Sections 2 and 3, the zeroth-order Ho~ approximation problem results in (convex) LMI feasibility 
or optimization problems. However, in general the H ~  model reduction problem is non-convex due to the 
coupling rank constraint sets (12) and (43) of Theorems 1 and 3, respectively. Many control design problems 
with fixed controller order result in similar feasibility of optimization problems involving rank constraint 
sets, and numerical techniques have been recently proposed to address these problems [18, 8, 9], but with no 
guaranteed convergence to a feasible solution. 

In this section the method of alternating projections is described to solve the ),-suboptimal H~  model 
reduction problem. Alternating projections have been used in the past in statistical estimation and image 
reconstruction problems [35, 6]. The basic idea behind these techniques is the following: Given a family of 
convex sets, the sequence of alternating projections onto these sets converges to a point in the intersection 
of the family. For the case of non-convex sets, convergence of the alternating projections is guaranteed only 
locally, i.e., when the initial starting point is in the vicinity of a feasible solution [7]. Alternating projections 
for solving non-convex feasibility problems have been used in the past in image reconstruction problems with 
very satisfactory performance [34]. Several variations of this standard approach have been proposed to solve 
minimum distance problems with respect to a family of convex sets [4, 21] and to accelerate the rate of 
convergence using information about the direction towards the intersection [20]. 

The standard alternating projection algorithm is given by the following result [5]. 

Theorem 5. Let {C1, C2 . . . . .  Cn} be a family o f  closed, convex sets #t a Hilbert space off such that the 
intersection C1 n C2 N • .. n Cn is non-empty, and define by ~ i  the orthogonal projection operator onto the 
set Ci. Then the sequence o f  alternating projections 

Xl = °,~lXO, 

X 2 ~ ~,~2Xl, 

Xn z ~nXn_  1, 

Xn+ I ~ ~ l X n  

(51) 

converges to a point in the intersection C1 n C2 n . . .  n Cn for  any initial vector xo. I f  the intersection is 
empty, the sequence o f  alternating projections does not converge. 

If some of the sets Ci are not convex then only local convergence of the sequence of alternating projections 
is guaranteed [7]. Modifications of the standard alternating projection algorithm (51), that utilize the tangent 
planes onto the constraint sets, have been shown to converge faster to a feasible solution [17-19]. These 
techniques are very simple to implement. 

To utilize the alternating projection techniques to solve the 7-suboptimal Ho~ model reduction problem, 
explicit expressions for the orthogonal projections onto the constraint sets (9)-(12) (or onto (40)-(43) for the 
discrete-time case) are required. These projections are similar to the projections derived in [18, 17] where the 
fixed-order Ho~ control design problem was solved using alternating projections, and the reader is referred to 
the above references for the corresponding expression and the details of the method. 

The following iterative algorithm is proposed to solve the y-suboptimal H ~  model reduction problem: 
Step 1: Choose initial values for the matrix pair (X, Y) and the H ~  norm bound y. 
Step 2: Solve the feasibility problem (9)-(12) (or (40)-(43) for the discrete-time case) for (X, Y) using 

the alternating projection techniques. 
Step 3: Decrease the value of the H ~  bound 7 and return to Step 2 using as initial conditions for the 

alternating projection algorithm the solution (X, Y) of the previous step. 
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A bisection approach can be used to seek for the minimum H ~  norm bound ~ that solves the optimal H ~  
model reduction problem (22). If the alternating projection algorithm in Step 2 does not converge, then the 
value of ~ should be increased. Note that the algorithm does not guarantee convergence to a global solution. 
When a feasible solution (X, Y) is found, all /-/~ reduced-order models that correspond to this solution can 
be obtained from the parametrization (13)-(16) ((44)-(46) for the discrete-time problem). 

A balanced truncation or a Hankel model reduction method can be used to obtain the initial values for 
(X, Y) and 7 in Step 1. For the continuous-time case the following LMI should be solved for I7: 

9(2 q-/~(~h.~f) h- (2 -t-/~(~M)T9 
(15 + hog)* 17 

9(/3 + ~d~)  (d + B d ~ )  T ] 
--)'21 P q-/tG/~ 1 < 0, (52) 

where A, /~, C, /3 , /~,  M, H and P are defined in (19)-(20) and the matrix 

contains the reduced-order model from the balanced truncation or the Hankel model reduction. The initial 
values of X and Y are obtained from the 1 - 1 blocks of the matrices )( and I 7, respectively, where 

~? = y29-1. 

The corresponding value of 7' = 7B or 7 = }'H should be used in the LMI (52), where 7B and ~H are defined 
in (7) and (8), respectively. 

For the discrete-time case, the following LMI should be solved for X: 

721 C + ISIGM if" + H G E  + I7IGM 

- - -  _ T 

/3 + BGE 

P + ROE 
(53) 

where the matrices A, /~, C', /3, /~, /hi, /~, P and G are defined as before. The LMIs (52) and (53) follow 
from the Bounded Real Lemma (e.g., see [3, 24, 33]). 

Remark 1. It is expected that the proposed iterative techniques could improve, with respect to the H a  norm, 
the reduced-order models obtained from a balanced truncation or an optimal Hankel norm approximation. 
However, the improvement over these initial guesses is obtained with significant computational effort. On the 
other hand, the solutions (25) or (49) of the optimal zeroth-order H ~  approximation problem can be used 
to obtain constant feedthrough terms /3 that improve the H ~  error bounds (7) or (8) of the reduced-order 
models obtained from a balanced truncation or an optimal Hankel norm approximation. This approach requires 
the solution of a convex LMI optimization problem. 

Remark 2. The free contractive matrix L in the parametrization of the H ~  reduced-order models in (13), 
(25), (44) or (49) can be selected to satisfy other objectives, such as to minimize the H2 norm ]]G - GI]2 for 
the discrete-time case. This minimization is a convex LMI problem. 

Remark 3. The suboptimal bounds for the continuous-time and discrete-time zeroth-order H ~  approximation 
problems provided in [30] and [29] can be easily obtained from Theorems 2 and 4 by setting X to be a 
multiple of the identity matrix. 
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5. N u m e r i c a l  e x a m p l e  

Consider the zeroth-order Ho~ approximation problem for a system G with state-space matrices [26] 

A = 

C = 

l i 
-2.5 

0 

-1 .2  

3 -1  

-1  1 

0 - 3  

0 0 

1.3 

-1  

1 

1 0 
12 ' B--- 

- 4  

1.6 - 3 . 4  

2 0.1 , 

0 2 

- - 2 . 5  0 - 1 . 2  

1.3 -1  1 

1.6 2 0 

-3 .4  0.1 2 

D = 0 .  

In [26] the norm bound I1 G-/}11o, ~< 8.5686 was obtained using a suboptimal solution of an allpass imbedding 
problem. 

The LMI minimization problem (34) provides the optimal H ~  bound 

7opt = min~llG - b l l ~  = 6.2824. 

This corresponds to the feasible matrix 

X = 

28.3554 -4.3175 16.2043 0.9239] 

-4.3175 9.7310 -3.5798 0.5693 / 

16.2043 -3.5798 31.7152 -0.7418 / 

0.9239 0.5693 -0.7418 3.3769J 

that solves the LMIs (23)-(24). The optimal zeroth-order H ~  approximates for this solution are parametrized 
as  

= [~, + DzLJ6s, 

where 

1.6731 0.7830 0.7233 

-1.9232 1.3841 2.7552 

-0.0738 -0.4314 2.2064 
, /)2 = 

1.8600 -1.1183 -1.8145 ] 

-1.1183 1.3841 -0.2787 ] , 

-1.8145 -0.2787 4.7054J 

/~3 = 

0.3627 0.2575 0.3165 

0.2575 0.7781 -0.0302 

0.3165 -0.0302 0.4987 

and L is any matrix with IlZll < 1, that is, I[G - b l l~  = 6.2824 for any such L. 
The choice of L that minimizes IIZ311 is 

L = 

-0.1577 0.1098 0.6541) 

0.0447 -0.1597 -0.4898 

0.2241 0.0561 -0.4814 

and the optimal value of the norm is II/~ll = 3.5813. 
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6. Conclusion 

An explicit characterization of the solution to the H a  model reduction problem was provided. Neces- 
sary and sufficient conditions in terms of LMIs and a non-convex coupling constraint were obtained, and a 
parametrization of all reduced-order models that correspond to a feasible matrix solution was derived. Both 
continuous-time and discrete-time results were presented. The solution of a non-convex feasibility problem is 
required to compute H a  reduced-order models and alternating projection algorithms are proposed to address 
the computational issue, although global convergence of the technique is not guaranteed. 

The zeroth-order H a  approximation results in a convex LMI problem, and particularly simple analytical 
expressions that parametrize all solutions were derived. 
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