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Abstract
This paper presents explicit solutions for velocity feedback control of structural systems with
collocated sensors and actuators to satisfy closed-loop H2 and L2 − L∞ norm performance
specifications. First, we consider an open-loop collocated structural system and obtain upper
bounds for the H2 and L2 − L∞ system norms using a solution for the linear matrix inequality
formulation of the norm analysis conditions. Next, we address the problem of static output
velocity feedback controller design for such systems. By employing simple algebraic tools, we
derive an explicit parametrization of the controller gains which guarantee a prescribed level of
H2 or L2 − L∞ norm performance of the closed-loop system. Finally, numerical examples are
presented to validate the advantages of the proposed techniques. The effectiveness of the
proposed bounds and output feedback control design methods become apparent, especially in
very large-scale structural systems where control design methods based on the solution of
Lyapunov or Riccati equations are time-consuming or intractable.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

Extensive research has been conducted in the last two decades
in the area of active vibration suppression and control of
structural systems [19, 21, 24]. Feedback control of structural
systems results in different stability characteristics depending
on whether collocated or non-collocated control is used. Direct
velocity feedback (DVF) control of a dynamical system with
collocation of actuators and sensors is known to provide
a stable closed-loop system for all values of the control
gain [5, 24]. This control requires duality of the sensor
and actuator pair, that is, a force actuator and velocity
sensor or a torque and angular rate sensor. Collocated
DVF control is considered an attractive approach for active
damping of structural vibration due to its simplicity of
implementation and inherent robustness. Closed-loop stability
and robustness to modeling uncertainty is a desirable outcome
of the dissipative nature of collocated DVF [20]. By taking

1 Author to whom any correspondence should be addressed.

actuator dynamics into account, Goh and Caughey [15] and
Fanson and Caughey [11] have investigated advantages and
drawbacks of position feedback and velocity feedback under
collocated control compared to each other. Compensator
design for stability enhancement of flexible multibody systems
with collocated rate sensors and force/moment actuators
was investigated by Balakrishnan [4]. Brennan et al [7]
demonstrated an active-mount system that uses an analogue
decentralized DVF controller for active vibration isolation
of vibration-sensitive equipment. Active damping based on
decoupled collocated control was investigated by Holterman
and de Vries [18]. Lu et al [23] considered the problem
of assigning the eigenvalues of a flexible structural system
into a desired region in the left-half plane via the use of
collocated DVF. The problem of collocated sensor/actuator
positioning and DVF control gain design was examined by
Lee and Chen [22]. The total energy of the flexible structural
system is used as an optimization criterion. The design of a
velocity feedback controller with a collocated force actuator
to minimize the kinetic energy of a simply supported beam
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was examined by Engels and Elliott [10]. Gradient-based
optimization methods were implemented to obtain centralized
and decentralized control gains. In smart structural systems
controlled with piezoelectric patches as sensors and actuators,
strain rate information can be utilized to implement DVF
control [30]. Dosch et al [9] have developed a self-sensing
piezoelectric actuator that can be used for collocated control in
smart structures.

The control of structural systems to optimize H2 or H∞
performance specifications, which is based on the standard
Lyapunov and Riccati equations approaches or the linear
matrix inequality (LMI) formulation, has attracted a lot of
attention recently [14]. However, these methods result in
cumbersome computational problems that are unattractive or
prohibitive for large-scale systems. Smith et al [28] addressed
the design and application of H∞ controllers for vibration
suppression in flexible structures. Halim and Moheimani [16]
proposed and implemented an H2 controller to minimize
structural vibrations in a piezoelectric laminated beam. Mixed
H2/H∞ control for flexible structures is examined by de Farias
et al [8]. Yang and Qiu [31] have investigated the optimal
symmetric H2 control problem in the frequency domain for a
plant with collocated sensors and actuators. The latter work
gives an optimal control law in terms of the optimal solution to
a standard H2 model matching problem without constraint.

Despite the popularity of DVF control, the selection of
appropriate DVF control gains to satisfy closed-loop system
performance specifications is a challenging problem. A main
reason is that the corresponding control design formulation
represents a static output feedback control design that is
inherently an extremely difficult computational problem in
its generality [29]. In the present work, we take advantage
of the special form of the collocated structural control
problem represented by DVF to obtain explicit solutions for
the control gains that guarantee the satisfaction of closed-
loop performance specifications. Bai et al [2, 3] presented
a successful effort to develop an analytical upper bound
approach on the H∞ analysis and control of collocated
structural systems. These results provide a parametrization
of the output feedback control gains that achieve a desired
H∞ norm bound. The approach is experimentally verified on
a cantilevered aluminum beam with two collocated pairs of
piezoceramic patches that serve as sensors and actuators [3].
Hiramoto et al [17] consider a static rate feedback problem for
symmetric mechanical systems.

The present paper examines the H2 and L2 − L∞
control analysis and the corresponding DVF control design
for collocated structural systems. The paper develops explicit
upper bounds on the H2 and L2 − L∞ norms of collocated
structural systems. Toward this goal, we consider the LMI
analysis conditions that characterize the H2 and L2−L∞ norms
of the system and obtain a particular solution for the Lyapunov
matrix in the corresponding LMIs. The proposed bounds are
shown to be exact for the one degree-of-freedom case and are
shown to provide a useful approximation of the exact norms
in multi-degree-of-freedom computational examples. For the
DVF design problem, an explicit parametrization of static
output feedback control gains that guarantee a given H2 or

L2 − L∞ norm bound for the closed-loop system is obtained.
The benefits of the proposed upper bounds and DVF control
gain design methodology are verified using a low-order lumped
parameter model, a model of a cantilevered beam controlled
with collocated piezoelectric patches, and a large-scale model
of the International Space Station assembly.

The present paper is organized as follows: in section 2,
the collocated system model under study is introduced. In
section 3, some preliminary results are presented on the
definition and computation of the H2 and L2 − L∞ system
norms. The main results of the paper are given in sections 4–6.
Sections 4 and 5 present an explicit upper bound expression
for the H2 norm of the collocated system, as well as, an
explicit parametrization of the output velocity feedback gains
that guarantee a specified level of H2 performance for the
closed-loop system. In section 6 similar results as in sections 4
and 5 are presented considering the L2 − L∞ system norm
(or induced energy-to-peak gain) as the performance criterion.
Section 7 illustrates the benefits of the proposed system
norm bounds and explicit velocity feedback control design
methodology using both low-order and large-scale numerical
examples. Section 8 concludes the paper.

2. Collocated structural system modeling

The notation used in this paper is standard. Given a symmetric
matrix X = XT ∈ R

n×n, X > 0 (X � 0) denotes
matrix positive definiteness (semi-definiteness). (·)T denotes
the transpose of a real matrix, (·)† represents the Moore–
Penrose generalized inverse of a matrix, and (·)H denotes
the complex conjugate transpose of a matrix. Given a real
n × m matrix Y with rank r , the orthogonal complement Y ⊥
is defined as the (n − r) × n matrix that satisfies Y ⊥Y = 0
and Y ⊥Y ⊥� > 0. diag(·) denotes a block-diagonal matrix.
The maximum eigenvalue of a matrix M will be denoted by
λmax(M).

We consider a structural system with collocated sensors
and actuators and velocity measurement represented in a finite-
dimensional vector second-order form as follows

Mq̈(t) + Dq̇(t) + K q(t) = F(u(t) + w(t))

z(t) = FTq̇(t)
(1)

where q(t) ∈ R
n , u(t) ∈ R

m , w(t) ∈ R
m , z(t) ∈ R

m

are the vectors representing generalized displacements, control
input, external disturbance signal, and performance output,
respectively. The matrices F ∈ R

n×m , M > 0, K >

0, and D > 0 represent the input distribution matrix with
full column rank, mass matrix, stiffness matrix and damping
matrix, respectively.

If we assume a state vector x(t) = [ qT(t) q̇T(t) ]T, then
the state-space representation of the system will be

ẋ(t) = Ax + B(u(t) + w(t))

z(t) = Cx(t)
(2)

2
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where

A =
[

0 I
−M−1 K −M−1 D

]
, B =

[
0

M−1 F

]

C = [ 0 FT ] .

(3)

The above system can be readily shown to be an externally
symmetric system, i.e., assuming u(t) = 0, the transfer
function from W (s) to Z(s) given by G(s) = s FT(Ms2 +
Ds + K )−1 F is symmetric.

3. Preliminaries and system norms calculation

In this section, we introduce the notion of H2 and induced
energy-to-peak (or L2 −L∞) norms of a system and recall their
linear matrix inequality (LMI) formulations.

The H2 norm of a stable continuous-time system with
transfer function G(s) is defined to be the root-mean-square
(rms) of its impulse response, or equivalently

‖G‖2 =
√

1

2π

∫ ∞

−∞
trace(G H (jω)G(jω)) dω.

In the following, an LMI formulation for computing the H2

norm of a system using its state-space data is recalled [27].
This formulation enables us to use the efficient LMI control
toolbox of MATLAB [12] to solve for the Lyapunov matrix.

Lemma 1 (H2 norm performance). Consider the state-space
model (2) with no control input, i.e. u(t) = 0. Suppose that the
system is asymptotically stable and let G(s) = C(s I − A)−1 B
denote its transfer function from w(t) to z(t). Then the
following statements are equivalent:

(i) ‖G‖2 � γ

(ii) There exist matrices P � 0 and Z � 0 such that

[
P A + AT P P B

BT P −I

]
� 0 (4)

[
P CT

C Z

]
� 0 (5)

trace(Z) � γ 2. (6)

Next, we introduce the notion of the induced energy-to-
peak (or L2 −L∞) norm of the system and recall its equivalent
LMI formulation. For a fixed initial condition x(0) = 0, the
induced energy-to-peak gain of the system (2) from w(t) to
z(t) is defined as

‖G‖L2−L∞ = sup
w∈L2

‖z‖∞
‖w‖2

(7)

where ‖z‖∞ and ‖w‖2 denote the ∞-norm and the 2-norm of
the output and disturbance vector signals, respectively. Then,
the induced L2 − L∞ norm of the system can be computed by
solving the following LMI problem [25, 27].

Lemma 2 (Energy-to-peak gain performance). Consider the
state-space model (2) with no control input, i.e. u(t) = 0. Sup-
pose that the system is asymptotically stable. Then the L2−L∞
induced norm (or energy-to-peak gain) of the system is smaller
than a scalar bound γ if and only if there exists a solution
Q � 0 to the following set of LMIs

[
AT Q + Q A QB

BT Q −I

]
� 0 (8)

[
Q CT

C γ 2 I

]
� 0. (9)

Computation of the H2 and L2 − L∞ norms of a system
using the LMI formulations (4)–(6) and (8)–(9) or a Lyapunov
equation approach [27] can be very intensive, especially for
large-scale systems. The LMI problems (4)–(6) and (8)–(9)
have a polynomial-time complexity with respect to the number
of decision variables, while solution of Lyapunov equations
is of quadratic complexity with respect to flops and storage
requirements [1, 6, 13]. Consequently, the use of these tools
for performance analysis and control of large-scale systems is
limiting.

The next lemmas will be useful in the proofs of the main
results of the paper.

Lemma 3 (Schur complement [6]). The block matrix

[
S11 S12

ST
12 S22

]
,

where S11 and S22 are symmetric submatrices, is positive
definite if and only if

S11 > 0 and S22 − ST
12S−1

11 S12 > 0

or

S22 > 0 and S11 − S12S−1
22 ST

12 > 0.

The above conditions can be easily modified to test
negative definiteness of a matrix.

Lemma 4 ([27]). Consider matrices � and � such that � has
full column rank, and � is symmetric positive definite. Then
� � ��T if and only if λmax(�

T�−1�) � 1.

4. An upper bound on the H2 norm of collocated
velocity feedback systems

We desire a useful upper bound on the H2 norm of the vector
second-order realization (1) that can be computed using a
simple explicit analytical expression. For this purpose, a
specific solution of the LMI analysis conditions (4)–(6) is
obtained for the system under study. Then, using matrix
algebraic tools, an explicit formula for the H2 norm bound
of the collocated structural systems is derived that only needs
calculation of the maximum eigenvalue and trace of structural
system matrices.

3
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Proposition 1. Consider the collocated system in (1). This
system has an H2 norm γ that satisfies the following bound

γ � γbound = 1√
2
[λmax(FT D−1 F)] 1

2 [trace(FT M−1 F)] 1
2

(10)

Proof. Let us consider the following Lyapunov matrix

P = α

[
K 0
0 M

]
(11)

where α is a positive scalar to be determined. Then,
substituting the state-space data (3) into the LMI (4) and
taking (11) into account results in

[ 0 0 0
0 −2αD αF
0 αFT −I

]
� 0

which is equivalent to
[−2αD αF

αFT −I

]
� 0. (12)

Making use of the Schur complement (lemma 3) leads to

−2αD + α2 F FT � 0

and using lemma 4 yields

1

α
� 1

2
λmax(FT D−1 F). (13)

Inequality (5) using (11) and the Schur complement formula
provides

Z � 1

α
FT M−1 F. (14)

Inequalities (13) and (14) together lead to

trace(Z) � 1
2 trace[λmax(FT D−1 F)(FT M−1 F)]. (15)

Finally, use of (6) and (15) results in the bound (10). �	

Remark 1. For the single-degree-of-freedom (1-DOF) case
(n = 1), the proposed bound for the H2 norm is exact, that is,
(10) provides the exact H2 norm of the system. To demonstrate
this, assume that M = m, D = d , K = k and F = f are
scalars in the system (1). Using (3) we have the state-space
matrices

A =
[

0 1
−k
m

−d
m

]
, B =

[
0
f
m

]
, C = [ 0 f ] .

Next, we determine the actual H2 norm of the system using
the solution to the respective Lyapunov equation. The positive
definite solution of the Lyapunov equation

AX + X AT + B BT = 0

for the controllability Gramian of system is determined to be

X =
[ f 2

2kd 0

0 f 2

2md

]

and the H2 norm of the system is computed as [27]

γ 2 = trace(C XCT) = f 4

2md
. (16)

On the other hand, according to (10) for the above scalar
system the H2 norm upper bound would be

γbound = f 2

√
2md

which is consistent with the computed H2 norm in (16).

5. H2 controller design for collocated velocity
feedback systems

Consider the collocated velocity feedback system in (1) along
with an output measurement equation

y(t) = FTq̇(t). (17)

In this section, we derive an explicit expression for the
achievable closed-loop H2 norm and the output feedback
control gains that satisfy a desired closed-loop H2 norm bound.
This section provides an explicit matrix parametrization for
the output velocity feedback gains that solve this problem.
The collocated velocity feedback H2 control synthesis problem
is to design a symmetric static output feedback gain matrix
H = H T such that the output feedback control law

u(t) = −H y(t) (18)

renders the closed-loop system stable with an H2 norm less
than a prescribed bound γ > 0. That is,

‖Tzw‖2 � γ (19)

where Tzw is the closed-loop transfer function from the
disturbance w(t) to performance output z(t).

The following result provides an explicit parametrization
of the output feedback gains that guarantee the closed-loop H2

norm to be less than γ .

Proposition 2. A symmetric static output velocity feedback
control law (18) whose interconnection with the collocated
structural system (1) satisfies the H2 bound (19) can be
calculated as following

(a) If F is square and invertible, then H can be selected as

H � ηI − F−1 DF−T (20)

where

η = 1

2γ 2
trace(FT M−1 F). (21)

(b) If F FT is singular, then H can be selected as

H � ηI − F† DF†T

+ (F† DF⊥T
)(F⊥DF⊥T

)−1(F⊥DF†T
) (22)

where η is defined in (21).

4
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Proof. The equation of the dynamics of the closed-loop
system (1) and (18) with the measurement output (17) reads

Mq̈(t) + (D + F H FT)q̇(t) + K q(t) = Fw(t). (23)

Then, use of the Lyapunov matrix (11) results in the following
inequality associated with the closed-loop system

[−2α(D + F H FT) αF
αFT −I

]
� 0. (24)

Note that the latter inequality is obtained by replacing the
damping matrix D in (12) by D+ F H FT as observed from the
closed-loop representation (23). If F−1 exists, then applying
Schur complement to (24) leads to

H � α

2
I − F−1 DF−1T

. (25)

From (14) and the fact that trace(Z) � γ 2, we have

γ 2 � 1

α
trace(FT M−1 F) (26)

and the inequality (20) on the controller gain is finally
determined using (25) and (26).

If F FT is singular, then by applying Schur complement
formula, (24) leads to

F H FT + D − α

2
F FT � 0. (27)

Next, we introduce a transformation matrix defined as N =
[ F†

F⊥ ] where F† is the pseudo-inverse of F (that is, F† F = I )

and F⊥ represents the orthogonal complement of F . Then (27)
can be written as

N

(
F H FT + D − α

2
F FT

)
NT � 0. (28)

Expanding the latter inequality leads to[
F†(F H FT + D − α

2 F FT)F†T

F⊥(F H FT + D − α
2 F FT)F†T

F†(F H FT + D − α
2 F FT)F⊥T

F⊥(F H FT + D − α
2 F FT)F⊥T

]
� 0

which results in the following inequality considering that
F† F = I and F⊥ F = 0.

[
H + F† DF†T − α

2 I F† DF⊥T

F⊥DF†T
F⊥ DF⊥T

]
� 0. (29)

Finally, the inequality (22) on the controller gain matrix is
obtained by applying Schur complement to (29). �	

Remark 2. It should be noted that the solution of a static
output feedback control problem is considered and solved here.
In general, this problem results in a non-convex formulation
with no efficient solution available [29].

Remark 3. A decentralized static output velocity feedback
control law can be obtained by enforcing a block-diagonal
structure on the control gain matrix H . For instance, a diagonal
solution of the inequality (20) or (22) provides a control law
consisting of independent loops where each actuator interacts
only with the collocated sensor.

Remark 4. For the single DOF system considered in remark 1
with a measurement equation y(t) = f q̇(t), expression (20)
provides a scalar feedback gain parametrization

h � h0 = f 2

2mγ 2
− d

f 2

that guarantees a closed-loop H2 norm less that γ > 0. Since
in the 1-DOF case, the bound γ is the exact H2 norm, the
velocity feedback control law u(t) = −h0 y(t) will stabilize
the closed-loop system with an H2 norm equal to γ .

6. Energy-to-peak induced norm upper bound and
control design

Similar results as obtained for H2 analysis and upper bound
control design can be achieved by considering the L2 − L∞
induced norm as the performance criterion. The next two
propositions describe these results. Our first result shows that
for the second-order collocated realization (1), an upper bound
on its induced L2−L∞ norm can be computed using an explicit
expression.

Proposition 3. Consider the collocated system in (1). This
system has an induced L2 −L∞ norm γ from the input w(t) to
the output z(t) that satisfies the following bound

γ � γbound = 1√
2
[λmax(FT D−1 F)λmax(FT M−1 F)]1/2.

(30)

The next result provides an explicit matrix parametrization
for the output feedback gains which guarantee a prescribed
level of L2 −L∞ gain performance for the closed-loop system.
The collocated L2 −L∞ control synthesis problem is to design
a symmetric static feedback gain H = H T such that the output
feedback control law in (18) renders the closed-loop system
stable with an L2 − L∞ norm less than a prescribed scalar
γ > 0, i.e.

‖Tzw‖L2−L∞ � γ. (31)

Proposition 4. A symmetric output velocity feedback control
law (18), whose interconnection with the collocated structural
system (1) satisfies the L2 − L∞ norm bound condition (31)
can be computed as following:

(a) If F is square and invertible, then H can be computed as

H � ηI − F−1 DF−T (32)

where

η = 1

2γ 2
λmax(FT M−1 F). (33)

5
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m1 m2 m3

Figure 1. Mass, spring and damper system.

(b) If F FT is singular, then H can be computed as

H � ηI + (F† DF⊥T
)(F⊥DF⊥T

)−1(F⊥DF†T
)

− F† DF†T
(34)

where η is defined in (33).

The proofs of both results follow similar lines as in the H2

system norm case and are omitted here.

Remark 5. Traditional methods for H2 and L2 − L∞ analysis
and control require the solution of Lyapunov or Riccati
equations or LMI problem. Besides the computational
complexity issue, the solution of these problems is indeed
sensitive to the problem order [13, 1, 6]. The proposed results
require only the calculation of explicit expressions for analysis
and control. These expressions involve matrix operations
on system matrices that can be very readily and accurately
calculated for large-scale problems. In particular, for structural
systems in modal form with diagonal structural matrices, the
computation of the matrix inverses in the analysis and design
expressions is straightforward.

In section 7, we validate our proposed bounds on the
H2 and L2 − L∞ norms of collocated structural systems and
the corresponding static output velocity feedback control gain
design by providing some illustrative examples using both low-
order and large-scale system models.

7. Numerical examples

Example 1. As a first example, we consider a simple 3-DOF
structural system of masses, dampers and springs as shown in
figure 1. The coefficient matrices in (2)–(3) are given by

K =
[ k1 + k2 −k2 0

−k2 k2 + k3 −k3

0 −k3 k3

]
(35)

D =
[ d1 + d2 −d2 0

−d2 d2 + d3 −d3

0 −d3 d3

]
(36)

M = diag(m1, m2, m3) (37)

where q(t) = [ q1(t) q2(t) q3(t) ]T, u(t) = [ u1(t) u2(t) ]T,

and F = [ 1 0 0

0 1 0

]T
. The system parameters are assumed to

be m1 = 1 kg, m2 = 2 kg, m3 = 3 kg and k1 = 0.2 N m−1,

0 10 20 30 40 50 60 70 80 90
0

1

2

3

4

5

6

7

8

β

N
or

m

H
2
 Bound

H
2
 Norm

Figure 2. Actual H2 norm and H2 bound versus β for example 1.

k2 = 2 N m−1 and k3 = 1.5 N m−1. We also assume the damp-
ing matrix to be D = βK , where β is a scalar parameter. To
validate the proposed bound, we vary the value of the param-
eter β in the interval [0.01, 100] and plot the upper bound on
the H2 norm of the open-loop system determined from propo-
sition 1 in comparison with the actual H2 norm of the system
computed using MATLAB, versus β . This comparison is illus-
trated in figure 2. We observe that the proposed bound provides
a useful upper bound approximation of the actual H2 norm.

For β = 0.15, a controller for this example to guarantee
closed-loop H2 norm less than or equal to 0.5 is designed
using (22) to be

H � H0 =
[

2.67 0.3
0.3 2.7

]
.

The actual H2 norm of the closed-loop system with the
controller gain H = H0 would be 0.4913, that is, slightly less
than the stated bound 0.5.

To validate the analysis and control design based on an
L2 −L∞ induced norm objective using the explicit expressions
of section 6, we consider the same lumped parameter system
with β = 0.15. The objective is to design an output velocity
feedback control such that the closed-loop system has an
induced L2 − L∞ norm less than 0.5. Using the explicit
expression (34) the following static output feedback control
gain is obtained.

H � H0 =
[

1.7 0.3
0.3 1.67

]
.

The exact L2 − L∞ norm of the closed-loop system with the
control law u = −H0y is equal to 0.4950 which is very close
to the desired level of performance.

Example 2. Next, we consider the two-input–two-output
structural model of a cantilevered beam controlled by pairs
of piezoelectric patches as collocated sensors and actuators.
This is the model of a thin aluminum flexible beam with low
damping characteristics with properties that are listed in table 1
[3]. We derive a 40-element finite element structural model for
this structural system that has the vector second-order form (1).

6



Smart Mater. Struct. 18 (2009) 035004 M Meisami-Azad et al
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Figure 3. Actual H2 norm and H2 bound versus β for example 2.

Table 1. Aluminum beam properties.

Quality Description Units Value

L Beam length mm 736.5
wb Beam width mm 53.1
tb Beam thickness mm 1
ρb Beam density Kg m−3 2690
E Modulus of elasticity N m−2 7.03 × 1010

We seek to examine the value of the H2 norm bound (10)
compared to the exact H2 norm value of the open-loop model.
We assume a Rayleigh damping of the form D = αK + βM
with α = 10−8 and we vary the coefficient β . Figure 3
shows the upper bound on the H2 norm of the open-loop
system determined from proposition 1 in comparison with the
actual H2 norm of the system computed using MATLAB, as a
function of β . We notice that the upper bound norm error is a
decreasing function of the damping magnitude.

Next, we consider the H2 control design problem for the
cantilevered beam model described above. We seek to design
a symmetric output velocity feedback gain H such that the H2

norm of the closed-loop system becomes less than a desired
bound, γ . The upper plot in figure 4 depicts the relative error
between the actual H2 norm of the closed-loop system and
the bound γ , where the closed-loop system is obtained from
the interconnection of the beam model with the upper bound
output feedback controller designed using proposition 2. The
lower plot in figure 4 shows the 2-norm of the controller gain
matrix H . As expected, the norm of the output feedback gain
increases with tighter closed-loop performance specifications,
that is, with a lower closed-loop H2 norm bound. Hence, a
larger control gain is required to meet increasingly demanding
closed-loop H2 norm performance specifications.

Example 3. As a third example, we apply the proposed H2

upper bound methodology for the analysis and control of
a large-scale collocated structural system. We consider the
finite element structural model for the assembly phase 8A-
OBS of the International Space Station (ISS) with collocated
velocity feedback control and Rayleigh damping as shown in
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Figure 4. Relative error in H2 norm computation (upper plot) and
2-norm of the controller gain matrix (lower plot) as a function of the
desired closed-loop H2 norm bound.

Table 2. Results and comparisons for the 8A-OBS ISS model.

Desired
closed-loop
H2 norm
bound

Time to calculate
feedback gain
using
proposition 2 (s)

Exact H2

norm of the
closed-loop
system

Time to
calculate
exact H2

norm (s)

Time to
calculate
H2 norm
bound (s)

5 0.1817 4.9589 10.5354 0.2232
1 0.1853 0.9985 10.5393 0.2217
0.5 0.1864 0.4996 10.5734 0.2231
0.1 0.1848 0.1 10.5198 0.2219

figure 5 [26]. This system follows the state-space model in (2)
and (3) and has 720 states. Computation of the H2 norm
through solving the Lyapunov equation requires 16.5 s using
MATLAB in a 1.8 GHz processor and the norm is equal to
8.1894. However, it only takes 0.2005 s to calculate the H2

norm upper bound (10) which is equal to 8.3901. Hence, we
confirm that the proposed bound estimates the norm closely,
and it is computationally very efficient. Table 2 shows the
results of the computations performed in order to determine
the closed-loop H2 norm and the required computational times
for the different desired closed-loop gains to satisfy given
H2 performance bounds. For instance, calculation of an
output feedback controller to guarantee that the H2 norm
of the closed-loop system is less than or equal to 0.5 takes
0.1864 s. The actual H2 norm of the closed-loop system
with the designed controller has been determined to be 0.4996.
It takes 10.5734 s to calculate this norm using a Lyapunov
equation approach. This is about 45 times more than our
proposed method to determine the H2 norm bound that is
computed in 0.2231 s. Notice that the computation of H2

controllers for this system using standard methods fails, since
solution of Lyapunov equations or LMIs for a system of this
size is computationally prohibitive. That is, control design
using traditional methods is not possible. However, our upper
bound approach provides H2 output feedback designs very
efficiently.

Remark 6. In general the proposed expressions for the system
norm bounds (10) and (30) are conservative. As the numerical

7
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Figure 5. Assembly phase 8A-OBS of the ISS.

examples demonstrate, the bounds become more accurate for
larger values of system damping. This indeed helps the
control design problem that seeks to increase the damping of
the system leading to more accurate results. We expect that
these analytical bounds will be useful for practical applications
since they provide easily computable bounds and explicit
controller solutions.

8. Concluding remarks

We have developed explicit upper bounds for the H2 and
the L2 − L∞ system norms of collocated structural systems.
The proposed calculations do not require the solution of
Lyapunov equations or LMIs that are standard tools for
computing the H2 and L2 −L∞ norms for linear time-invariant
systems. Using these results, an explicit parametrization of
static output velocity feedback control laws which guarantee
that the closed-loop structural system achieves a desired level
of H2 or L2 − L∞ performance is obtained. These results
provide readily computable direct velocity feedback (DVF)
gains for collocated structural systems that in addition to
guaranteed stability ensure the satisfaction of desired closed-
loop performance specifications. Numerical examples are
presented to illustrate the validity and effectiveness of the
proposed approach for the analysis and control of low-order
and large-scale structural systems. The examples demonstrate
that the proposed explicit upper bound expressions result
in useful and close approximations of the exact solutions.
The methods developed in this paper are especially suitable
for analysis and control of large-scale structural systems
where traditional solution methods could easily become
computationally prohibitive. Extensions of the proposed
upper bound approach are considered to address more general
collocated structural control, such as skyhook damper control,
and to alleviate the restriction on the output variables that are
assumed to be the same as the measurements.
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