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Rate-Dependent Mixed �� Filter Design for
Parameter-Dependent State Delayed LPV Systems
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Abstract—In this paper, we address the design of parameter-de-
pendent mixed � filters for output estimation of linear pa-
rameter-varying (LPV) plants that include a time-varying delay.
We investigate the conditions to satisfy asymptotic stability, and

� and performance requirements in terms of linear matrix
inequalities (LMIs). Our synthesis conditions, that provide mixed

� filters, are dependent linearly on the rate of change of
the delay. We take the estimation error into account in the per-
formance index and design the filters to minimize the output en-
ergy subject to a bound on the �-gain from the noise to the es-
timation error. The designed filters are shown to have the capa-
bility of tracking the desired outputs of the plant in the presence
of external disturbances and time varying delays. We examine two
classes of filters: one that is rational and another one that has delay
in the filter dynamics and, hence, it is nonrational. It is shown
that the time-delayed (nonrational) filter results in reduced conser-
vatism and improved performance. Illustrative examples are used
to verify the design methodology and to demonstrate the superi-
ority of using the proposed delayed filter configuration compared
to the rational one.

Index Terms—Delay systems, robust filtering, time-varying
systems.

I. INTRODUCTION

S TABILITY analysis and control synthesis problems for
linear parameter-varying (LPV) continuous-time systems

have recently received considerable attention in the control
literature. Many practical engineering systems, including non-
linear systems and system with varying operating conditions
can be modeled as LPV systems. Examples include aircrafts,
engine systems, manufacturing processes and robotics systems
[21]–[23]. As known, in LPV systems the state-space matrices
depend on time-varying parameters, whose values are not
known a priori, but can be measured in real time [7], [8].

Time delays often appear in many control systems either in
the state, in the control input, or in the measurements. Time
delay is frequently a source of instability and commonly ex-
ists in various engineering, biological, and economical systems
because of the finite speed of information processing [2], [19].
Therefore, the stability analysis and the performance of LPV
systems with delay are both theoretically and practically impor-
tant. Recently, some appreciable work has been performed to
analyze and control LPV time-delay systems (e.g., see [1], [13],
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[14]). Recent efforts concerning the topic of stability and sta-
bilization of time-delay systems can be divided into two cat-
egories, namely, delay-independent and delay-dependent sta-
bility criteria [2], [19].

filtering has received considerable attention recently, and
a few studies have been completed examining the design of
filters for LPV systems [4], [11], [12], [17]. In spite of the fact
that -optimal estimators are robust with respect to variations
of the disturbances since they use no statistical information, they
are conservative. The mixed approach is an attempt to
mitigate this problem by using the nonuniqueness of the fil-
ters to improve other aspects of the estimator than their robust-
ness, such as the average performance [18]. In mixed
estimation the goal is to attain estimators yielding the smallest
expected estimation error energy over all estimators that guar-
antee a certain worst-case bound. This is the fundamental
motivation for accomplishing the present work.

The current paper is concerned with rate-dependent analysis
and design of mixed filters for continuous-time LPV
systems that include parameter-dependent delays in the system
states. Using a parameter-dependent Lyapunov-Krasovskii
functional, we determine and performance conditions
that depend on the parameters and the delay rate. Both rational
and state-delayed (nonrational) filters are examined and the
corresponding filter designs are finally formulated into convex
optimization problems, which can be efficiently solved via
interior-point algorithms [3]. Simulation results demonstrate
the advantages and capabilities of our proposed methodology
to design the filters.

The contribution of this work is mainly twofold: first, it
addresses the design of full-order parameter-dependent mixed

filters for LPV systems which include time-varying
delays, and second, it introduces a state delay term in the
structure of the parameter-dependent filter to improve perfor-
mance and reduce conservatism. A few related results have
been recently reported in [4], [11], [12], [16] that address
delay-dependent LPV filter design. The work in [4], [11],
[12] does not take into account the time-varying time delay.
In fact, the analysis and synthesis conditions determined are
dependent on the size of the constant state delay. It is worth
mentioning that for constant state delay, the proposed strategies
in [4], [11], [12], [16] can lead to less conservative results
compared to those in the present paper, especially when the
time delays are small. Such strategies appear, however, to be
very conservative for systems allowing unlimited size time
delays, in which the rate-dependent strategy of the present
paper is more appropriate. The proposed analysis and synthesis
condition results of the present paper have a lower number
of decision variables and reduced complexity compared to
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the results in [16]. The work in the latter paper has shown to
provide good results only for very small size of state delays. A
recent work that employs nonrational filter design for LTI sys-
tems has also been completed in [15]. This paper addresses the
problem of robust filtering for uncertain state-delayed systems
by assuming that the uncertainty lies in a given polyhedral set.
State feedback control and filtering results for delayed systems
with explicit bounds on the delay magnitude have appeared
recently [5], [6]. However, the controllers and filters obtained
using these results have very restricted structure, and they have
inherent conservatism due to the particular restricted choices
of Lyapunov and parameter matrices so that LMI synthesis
conditions can be obtained.

The paper is organized as follows: Section II states the
problem formulation. Section III reviews a sufficient analysis
condition for a time-delayed LPV system to be stable and
provide a prescribed level of induced -gain, and it also
presents analysis conditions for the same system to be stable
and minimize the plant’s output energy. This section also
includes the main results of the paper which are the proposed
design methodology and formulation of the , , and
mixed filters. Section IV illustrates the capabilities
of our filter design methods in some numerical simulations
and provides comparisons of the different designs. Finally,
Section V concludes the paper.

The notation used throughout the paper is standard. stands
for the set of real numbers and for the nonnegative real num-
bers. is the space of real matrices. The transpose
of a real matrix is denoted by . For ,

indicates that is positive definite (positive
semi-definite). In a symmetric block matrix, the star is used
to denote the submatrices lying above the diagonal.
denotes a block diagonal matrix, and finally the space of square
integrable functions is denoted by , i.e., for any ,

is finite.

II. PLANT FORMULATION

We consider the following state-space model of a time de-
layed LPV system:

(1)

where is the state vector, is the vector of
external disturbances, is the measurements vector,
and and are the plant output vectors corresponding
to and performance measures, respectively. The scalar

denotes the parameter-dependent time delay. We as-
sume that is a given continuous function, and that all the

state-space matrices are known functions of a time-varying pa-
rameter vector measured in real-time. Here, is
the set of allowable parameter trajectories defined as

where is a compact subset of , and are nonneg-
ative numbers. Note that the consideration of different output
channels and allows the treatment of output signals with
different objectives. The special case of can be ob-
tained by setting and .

III. LPV AND FILTER DESIGNS

In this section, the problem of designing a parameter-depen-
dent filter for a time-delayed LPV system, which makes the
output energy of the system minimum subject to a bound on
the induced -gain of the system is investigated. Note that the
objective we follow is a mixed one, in the sense that a single
Lyapunov function is sought to satisfy the two performance cri-
teria with respect to both and norms of the estimation
error. This paper proposes and compares two filters with sim-
ilar structure: one that has delay in its dynamics and, hence, it
is nonrational and another one that is rational. In the present
work, we intend to design the filters for estimation of an arbi-
trary output of a parameter varying plant that includes a time
varying state-delay with bounds on its rate.

A. Rational Filter Design

Consider a class of rational filters with state-space equations
given by

(2)

in which the parameter- and the rate-dependent ma-
trices , , , and

are the unknown filter matrices. In the above
equations, we have assumed that is the estimation
of the plant output. Let us define the estimation errors as

and .
Our goal is to develop a mixed and filter of the form

(2) such that for all admissible parameter trajectories
the following requirements are satisfied.

• Stability: The filtering error system obtained from the in-
terconnection of the plant (1) and the filter (2) is asymptot-
ically stable.

• performance: The above-mentioned filtering error
system guarantees that the output error energy is
minimized.

• performance: The above-mentioned filtering error
system guarantees that

for all bounded energy disturbances, and a prescribed pos-
itive scalar .

Note that our approach requires that the LPV system (1) is
stable. This assumption is standard in LMI-based approaches for

and filtering, e.g., see [24]. The stability assumption can
be relaxed using filters of restricted structure, e.g., Luenberger
type (see [11], [24]). However, these filters have significantly
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more restricted form compared to the general structure consid-
ered in this paper.

First, a result from [1] addressing the asymptotic stability and
-gain performance of plant (1) is stated.
Theorem 1: Consider the time-delayed system given by (1).

Suppose that there exist continuously differentiable positive def-
inite matrix functions and such that the following
condition is satisfied for all :

(3)
where .
Then the time-delayed system (1) is asymptotically stable and
has induced -gain from to less than , that is

.
The next result presents conditions to guarantee asymptotic

stability and a lower bound on the energy of the output. A por-
tion of the proof for this result follows the same lines as the
proof of Theorem 1, and it is omitted here, and the remaining
part of the proof will be presented in Theorem 3.

Theorem 2: Consider the time-delayed system given by (1).
Suppose that there exist a positive scalar , continuously differ-
entiable positive definite matrix functions and , and
a positive definite matrix such that the following conditions
are satisfied for all :

(4)

where
and is obtained from the matrix decomposition

. Then the time-delayed system (1)
is asymptotically stable and has output energy less than

, that is .
Notice that minimization of the output energy bound

subject to conditions (4) is an LMI optimization
problem. In the following, we use the above analysis results to
obtain filter design conditions to satisfy and perfor-
mance specifications in terms of LMIs. The following theorem
provides LMI conditions for asymptotic stability and mixed

performance of the interconnection of plant (1) with
the proposed rational filter (2) along with expressions for the

unknown state space filter matrices. The dependence of some
parameter-dependent matrices on the parameter vector is
omitted for brevity.

Theorem 3: Consider the interconnection of the time-delayed
system (1) with the rational filter (2) and positive scalars and

. Suppose that there exist continuously differentiable matrix
functions , , and matrix functions ,

, , , , , and such that
the conditions are satisfied for all , as shown
in (5) at the bottom of page, and as follows:

(6)

(7)

(8)

(9)

(10)

where

(11)

and . Then the augmented
system formed by the interconnection of the plant (1) and the
filter (2) is asymptotically stable and satisfies mixed
objectives as follows:

and (12)

Furthermore, rational filter matrices that satisfy these objectives
can be computed as follows:

(13)

(5)
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where the full rank square matrix functions and are com-
puted via the singular value decomposition of following
the relation:

(14)

Proof: The equations of the augmented system formed
from the interconnection of (1) and (2) read

(15)
where and

Now, using (3), the condition for the augmented system to sat-
isfy asymptotic stability and -gain performance is

(16)
where .

In order to convert the above inequality to an LMI form we
use an invertible nonlinear transformation. Toward this end, we
partition the Lyapunov matrix as

We define

and notice that

It is also easy to show that

Now use of a congruence transformation in the form of

(17)

provides a new analysis condition

(18)

Algebraic manipulations result in the following:

and

where a particular block diagonal choice for the parameter ma-
trix has been used.

Now, change of variables as

(19)

and use of the above equalities along with application of
the Schur complement in LMI (18) leads to LMI (5). LMIs
(9) and (10) are also straightforward results of the inequal-
ities and , respectively. The filter
matrices given by (13) are obtained by inverting the non-
linear transformations in (19). Notice that condition (6) for
the performance is obtained using similar steps as with
the condition (5). Matrix inequalities (7) and (8) are
obtained using the following steps. First note that we can
make where is a Lya-
punov–Krasovskii type functional defined as

Taking a definite integral in both sides results in

Noting that the right side of the inequality is simply the negative
of the square of the system’s norm, say , and using the
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asymptotic stability property of the system after some algebra
we obtain

where , and the following assumptions
have been used:

Then using the circular property of the trace operator, and the
Schur complement, assuming a zero initial condition for the
filter and using (11) yield LMIs (7) and (8).

Note that we have assumed a particular choice of a block
diagonal form for the matrix in Theorem 3. This choice is
not necessary to obtain LMI conditions, but it does lead to a
much simpler form for the filter synthesis conditions with fewer
number of parameter matrices to solve.

B. State-delayed (Nonrational) Filter Design

Now, consider a class of time-delayed nonrational filters with
the following state-space equations:

(20)

These filters include an additional state delayed term. This term
increases the computational complexity of the filter, but results
in reduced conservatism and improved performance. Writing
the augmented system equations of the plant (1) and the filter
(20), we obtain the following synthesis result that provides LMI
conditions to guarantee asymptotic stability and mixed

performance of the augmented system along with expressions
for the filter matrices.

Theorem 4: Consider the interconnection of the time-delayed
system (1) with the time-delayed filter (20) and positive scalars

and . Suppose that there exist continuously differentiable
matrix functions , , and matrix functions

, , , , , ,
, , , , and such that the condi-

tions are satisfied for all , as shown in (21)
and (22) at the bottom of the page, and as follows:

(23)

(24)

(25)

(26)

where

and the full rank square matrix functions , , and scalar
are computed as described in Theorem 3. Then, the augmented
system formed by the interconnection of the plant (1) and the
filter (20) is asymptotically stable and satisfies mixed
objectives as follows:

and

Furthermore, the state-space filter matrices , , , and
are given by (13), and the remaining matrices can be com-

puted by

(27)

(21)

(22)
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Proof: The equations of the augmented system determined
from the interconnection of (1) and (20) are given by (15), where
the corresponding matrices are

Now, let us consider an invertible nonlinear transformation
using a change of variables in the form of

(28)

and a Lyapunov matrix as in Theorem 3. A similar approach
as in the proof of the Theorem 3 and use of the congruence
transformation

(29)

results in the synthesis condition (21). LMIs (25) and (26) are
also straightforward results of the inequalities and

, respectively. Filter matrices given by (13) and (27)
are determined by inverting the above nonlinear transformations
in (28). Notice that (22), (23), and (24) are also obtained by fol-
lowing the same lines as in Theorem 3 to determine the relevant
conditions guaranteeing performance.

Remark 1: In the LMIs (5), (6), (21) and (22), the derivative
terms are computed by

This notation means that every combination of and must
be included in the inequalities in which is involved.
Therefore, the above LMIs actually represent different in-
equalities obtained from the corresponding different combi-
nations in the summation.

Remark 2: In the present paper we have taken into account
simultaneous and performance objectives for the filter
output obtained by the filter equations in (2) or (20). An-
other possible approach is to assume two separate channels in

, one for each output. However, this is a trivial extension of
the proposed methodologies and will not be discussed here. In
addition to this, it is worthwhile to note that the case of a single

system output, i.e., , is a special case of the re-
sults of the present paper. In fact, it is readily seen that with this
choice, the two LMIs (5) and (6) are reduced to only a single
LMI (5). A similar simplification applies to the matrix inequal-
ities (21) and (22) where they are reduced to a single LMI (21).

Remark 3: The above rational and delayed filter design
methods and results can be easily extended to plants that
include multiple state delays.

Remark 4: The LMIs (5)–(10) of Theorem 3 are obtained
from the set of LMIs (21)–(26) of Theorem 4 by setting

, , and , and deleting some of the cor-
responding rows and columns. Also, the delayed filtering for-
mulation in Theorem 4 includes additional decision variables
and . Hence, the nonrational (time-delay) filters of Theorem
4 are expected to provide less conservative results. Illustrative
examples, in the following section, confirm the improved per-
formance obtained using this family of nonrational filters.

C. Computational Issues in LPV Filter Design

This section briefly addresses some of the issues one encoun-
ters in solving the LMI synthesis conditions of Theorems 3 and
4, as well as, computing the filter matrices given in (2) and (20).
A standard approach to solve the parameterized LMIs of Theo-
rems 3 and 4 is to initially pick some basis functions to repre-
sent the dependency of the matrix variables on the LPV param-
eters and then grid the parameter space. Hence, finite-dimen-
sional LMIs are solved at the grid points and are then checked
on a finer grid. For a description of the approach see [9], [20].
Once the LMIs are solved, the filter matrices are determined as
in (13) and (27). It should be noted that the filter matrices are
also parameter-dependent and are updated in real-time based on
the real-time measurement of the LPV parameter vector .

The results of the present paper, in general, produce filters
with state-space matrices that have dependence on the param-
eter rates . This fact can be challenging from an implemen-
tation viewpoint unless measurement of the parameter rates is
available in real time. Filters matrices that are independent of
the parameter rates can be obtained with appropriate selection
of the form of the matrix variables in Theorems 3 and 4. In par-
ticular, selecting some of the matrix variables in Theorems 3
and 4 to be constant instead of parameter-dependent leads to fil-
ters that are independent of . For example, if in The-
orems 3 or 4 is set to be a parameter-independent matrix ,
then from (14), can be selected as parameter-independent,
e.g., leading to , and then the
filter matrix will be rate-independent as observed from (13).
Similarly, if is chosen to be a parameter-independent ma-
trix , then can be set to be parameter-independent, e.g.,

, and the filter matrix becomes again rate inde-
pendent.

The number of decision variables associated with the LMI
constraints in Theorem 3 is
and those of Theorem 4 is

where , , , and are the number of states, number of
performance channels, number of basis functions, and number
of sensors, respectively.

IV. SIMULATION RESULTS

In this section, we compare and validate our filter designs by
providing two illustrative examples. Toward this end, we con-
sider the two classes of filters presented in the previous section.
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In the first example, we examine the estimation of a noisy
output for a time-varying plant (1) with state-space matrices

This system corresponds to a revised time varying and time de-
layed representation of a stream water quality model [25]. We
assume that the sine term in the model corresponds to a system
parameter whose functional representation is not known a priori
but can be measured in real time. We define , and
assume that the original system is reformulated as a state-de-
layed LPV system with parameter . Note that the parameter
space is [ 1 1]. The synthesis conditions are solved for both
the rational filter and the delayed filter, and the results are then
compared. To solve the LMIs, we select an affine form for the
matrix parameters with basis functions

Gridding in order to solve the synthesis problems is done uni-
formly using 20 points in the parameter space as explained in
[9], [20].

Fig. 1 shows the worst case -gain performance of the
system for the two filters (rational and delayed one) versus the
magnitude of the periodic time-delay .
The results illustrate that the delayed filter outperforms the
rational filter from the -gain performance viewpoint. It is
worth noting that the performance level is obtained by
solving the following semi-definite programming problems for
the two mentioned classes of filters:

(5),(9),(10)

(21),(25),(26)
(30)

Figs. 2 and 3 illustrate the results of the time simulations for
a parameter-dependent delay
and a 5 s pulse disturbance signal. These figures show the plant
outputs and the filter outputs which are the desired estimates. It
can be easily seen that the delayed parameter-dependent filter
provides a better estimation of compared to the rational
filter. The corresponding induced performance bound is

for the delayed filter and for the rational

Fig. 1. Profile of the worst case � performance of the system �� � for
the delayed filter (solid line), and for rational filter (dashed line).

Fig. 2. Estimation of the first output for ������� � ���������: actual output
(solid line), output of the rational filter (dotted line), and output of the delayed
filter (dash-dot line).

filter. Note that feasibility of the LMI constraints was checked
with a denser grid of 50 points. Figs. 4 and 5 show the sim-
ulation results for , and

. Improved estimation using the delayed filter can
be also observed here.

As a second example, we consider the same plant model as
before with additional output matrices

and . We now check the validity of the pro-
posed mixed filter design algorithms as presented in
Theorems 3 and 4. Fig. 6 presents the upper bound on the
performance of the system for the two filters, the rational one
and the one with delay in its dynamics, versus the magnitude
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Fig. 3. Estimation of the second output for ������� � ���������: actual output
(solid line), output of the rational filter (dotted line), and output of the delayed
filter (dash-dot line).

Fig. 4. Estimation of the first output for ������� � ����������: actual output
(solid line), output of the rational filter (dotted line), and output of the delayed
filter (dash-dot line).

of the time-delay . Note that we assumed
an -gain bound for the system to be equal to 2.04. The re-
sults illustrate that the delayed filter outperforms the rational
filter from the minimum energy performance viewpoint. Notice
that the optimum upper-bound performance subject to a pre-
scribed level on the performance is evaluated by solving the
following semi-definite programming problems:

(5)–(10)

(21)–(26)
(31)

It is noted that a mixed delayed filter can be com-
puted (that is, the corresponding LMIs (21)–(26) are feasible)
for delays up to 0.67 s while a rational mixed filter can

Fig. 5. Estimation of the second output for ������� � ����������: actual
output (solid line), output of the rational filter (dotted line), and output of the
delayed filter (dash-dot line).

Fig. 6. � performance of the system for the delayed filter (solid line), and the
rational filter (dashed line) for a specified level of � performance.

be computed for delays only up to 0.41 s. This again demon-
strates the benefits of the proposed delayed configuration com-
pared to the rational one in terms of its ability to handle larger
delays.

V. CONCLUSION

The paper presents a methodology to design mixed
filters for the estimation of noisy outputs in state-delayed sys-
tems whose state-space matrices are parameter-dependent. The
motivation for designing mixed filters is to take advan-
tage of both robust performance and output energy optimization.
A nonrational filtering structure is examined for output tracking
of time-delayed systems where the filter is time-delayed and
hence infinite dimensional. The corresponding synthesis con-
ditions for stability and minimum output energy subject to a
bound on induced norm performance are derived in terms of
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LMIs. The proposed nonrational (time-delay) filtering structure
offers more degrees of freedom to reduce conservatism and pro-
vides improved performance compared to the rational design,
and our examples illustrate the superiority of these filters rela-
tive to the standard rational ones. However, it should be noted
that for time-varying delays the filter implementation would re-
quire more memory compared to that for the case of constant
delays. It is straightforward to specialize the above results to the
case of LTI time-delayed systems with constant or varying de-
lays by making all the parameter-dependent functions and ma-
trices independent of the scheduling parameters.
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