
STRUCTURAL CONTROL AND HEALTH MONITORING

Struct. Control Health Monit. 2009; 16:425–440
Published online 28 April 2008 in Wiley InterScience
(www.interscience.wiley.com). DOI: 10.1002/stc.261

Upper bound HN and H2 control for collocated
structural systems

K. Hiramoto1,�,y and K. Grigoriadis2

1Department of Mechanical Engineering, Akita University, Akita 010-8502, Japan
2Department of Mechanical Engineering, University of Houston, Houston, TX 77204, U.S.A.

SUMMARY

A static-rate-feedback control for collocated structural systems is considered in this paper. The feedback
gain matrix is obtained by solving linear matrix inequalities (LMIs) to minimize an upper bound of the
closed-loop HN or H2 norm. The LMI conditions are obtained by assuming the form of Lyapunov
matrices in the standard LMI conditions for evaluating the HN or H2 norm. We demonstrate that the
obtained upper bounds of the HN and H2 norms closely match their actual values, respectively, when a
relatively large amount of energy is allowed for the control. A decentralized rate feedback controller that
globally minimizes the upper bound of the closed-loop HN or H2 norm can also be obtained with the
proposed framework. Furthermore, if the coefficient matrices of the system’s equations of motion are
linear functions of structural design parameters, the obtained result for the controller synthesis can be
easily extended to an integrated design problem of structural and control systems, a simultaneous optimal
design of the structural design parameters and the feedback controller, while retaining the LMI structure
with respect to the feedback gain matrix and structural design parameters. This fact means that the global
optimal solution to the integrated design problem, which is generally hard to solve in a global sense, can be
obtained if we take the upper bound of the closed-loop norm as the objective function. Copyright r 2008
John Wiley & Sons, Ltd.

KEY WORDS: collocated structural systems; linear matrix inequality; integrated design of structural and
control systems; decentralized control; static output feedback

1. INTRODUCTION

Symmetric systems are defined as dynamic systems whose transfer function matrices become
symmetric and appear in various fields of applications. Some control analysis and synthesis
methodologies that exploit the system’s symmetric property have been proposed [1,2]. Precisely
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symmetric systems are classified into internally and externally symmetric systems. Internally
symmetric systems are defined as the systems whose all coefficient matrices of the state-space
realization can be given as symmetric matrices. Meanwhile, externally symmetric systems are
defined as the systems only when the corresponding transfer function matrices are symmetric.

Internally symmetric systems have been studied from a theoretical aspect in Liu et al. [3] and
Tan and Grigoriadis [4]. Especially, in [4], a static output feedback synthesis problem for
minimizing the closed-loop H1 norm is shown to result in an linear matrix inequality (LMI)
optimization problem.

Structural systems with collocated rate sensors and actuators, which will be dealt with in the
present paper, are externally symmetric systems. The externally symmetric mechanical systems
frequently appear in a vibration control of large space structures. In Ikeda et al. [5], a DVDFB
control for externally symmetric systems is shown to correspond with the optimal feedback gain
matrix minimizing a quadratic performance index of certain weighting matrices. An extension of
the result in [4] to the H1 control problem for externally symmetric systems has been studied in
Bai et al. [6]. In [6], a static output feedback gain matrix satisfying a constraint on an upper
bound of the closed-loop H1 norm can be obtained with a simple algebraic operation.

It is well known that the static output feedback problem for general linear systems is still one
of the open problems in linear control theory and so many design schemes most of which rely on
a numerical optimization have been proposed so far [7]. However, unfortunately, the complete
solution still has not been established even in the case of the closed-loop stabilization problem.
The methodologies of static output feedback synthesis presented in [4–6] are effective design
schemes utilizing the system’s symmetric property.

In this paper we deal with anH1 orH2 control for externally symmetric systems using static
output feedback control law as an extension of [6]. The main objective of this paper is to show
two results given as follows:

1. For externally symmetric systems a control design problem minimizing an upper bound of
the closed-loop H1 or H2 norm with the static-rate-feedback control law results in an
LMI problem. Using this fact we can obtain the global optimal static-rate-feedback gain
matrices for such systems in the sense of the upper bound of the closed-loop norm
effectively. The result is easily extended also to a decentralized controller design.

2. From the structure of the above LMI, we can easily extend the result in ]1 to integrated
design of structural and control systemsz [8–12]. The global optimal rate feedback gain
matrix and structural design parameters minimizing the upper bound of the closed-loop
H1 or H2 norm can be obtained by solving a set of LMIs.

In the LMI-based control analysis and/or synthesis a real-symmetric matrix, the so-called
Lyapunov matrix always appears as an unknown parameter. We propose a new Lyapunov
matrix that has a specific structure in the present paper. We show that the proposed Lyapunov
matrix plays a key role in the derivation of the above main results. Several design examples are
presented to show the effectiveness of the proposed methodology.

The rest of the paper is organized as follows: In Section 2 the mathematical model of the
control object, i.e. structural systems with collocated sensors and actuators, is described. Section
3 is devoted to present the synthesis LMI conditions of the static-rate-feedback controller for

zIn the following we use the shortened version ‘integrated design’.
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minimizing the upper bound of the closed-loop H1 or H2 norm. To examine the effectiveness
of the proposed design methodology several design examples are shown in Section 4. Finally, the
conclusion is given in Section 5.

The notation to be used in the paper is as follows: s, t, In and 0m�n and
T denote the Laplace

variable, time, an n-dimensional identity matrix, an m� n zero matrix and the transpose of a
matrix, respectively. A diagonal matrix

A ¼
a11 0
0 a22

� �

is denoted by diagða11; a22Þ. Rn and Rm�n denote the set of n-dimensional real vectors and m� n
real matrices, respectively. The rank and the maximum singular value of a matrix A are denoted
by rankðAÞ and sðAÞ, respectively. The H1 and H2 norms of a given transfer function matrix
GðsÞ is denoted by kGðsÞk1 :¼ supo2RsðGðjoÞÞ, where j :¼

ffiffiffiffiffiffiffi
�1

p
and o is the frequency, and

kGðsÞk2 :¼ traceð
R1
�1G�ðjoÞGðjoÞ doÞ1=2 where trace and � denote the trace and the complex

conjugate transpose of a matrix.

2. MODEL OF COLLOCATED STRUCTURAL SYSTEMS

The equation of motion of an n-dof collocated structural system is defined as follows:

M€qðtÞ þD_qðtÞ þ KqðtÞ ¼ FðuðtÞ þ wðtÞÞ

yðtÞ ¼ FT _qðtÞ ð1Þ

where qðtÞ 2 Rn, uðtÞ 2 Rnu , wðtÞ 2 Rnu and yðtÞ 2 Rnu are the displacement, the control force, the
disturbance and the measured output vectors, respectively. The matrices M ¼MT40 2 Rn�n,
D ¼ DT40 2 Rn�n, K ¼ KT40 2 Rn�n and F 2 Rn�nu are the mass, the damping, the stiffness
and the control influence matrices, respectively. Because of the symmetry of the system, the
measured output, the rate of each mass that the actuator is installed, is also specified by the
matrix F. In this paper the matrix F is assumed to have a full column rank, i.e. rankðFÞ ¼ nu.

y

By taking the state vector xðtÞ :¼ ½qðtÞT _qðtÞT�T, the state-space form of the collocated
structural system is given by

_xðtÞ ¼ AxðtÞ þ BðuðtÞ þ wðtÞÞ

yðtÞ ¼ CxðtÞ ð2Þ

where

A ¼
0n�n In
�M�1K �M�1D

� �
; B ¼

0n�nu
M�1F

� �

C ¼ ½0nu�n FT�

The transfer function matrix from uðsÞ to yðsÞ, where uðsÞ and yðsÞ are the Laplace transform of
uðtÞ and yðtÞ, respectively, is given as GðsÞ :¼ sFTðMs2 þDsþ KÞ�1F which is obviously a
symmetric matrix whereas no state-space realizations exist such that all coefficient matrices of

yThis assumption is not restrictive in control of mechanical systems.
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the state-space form become symmetric matrices. Therefore, the collocated structural system
given in Equation (2) is an externally symmetric system.

3. UPPER BOUND H1 AND H2 CONTROL

For the collocated structural system in Equation (1), we assume the following static-rate-
feedback control law given as

uðtÞ ¼ �HyðtÞ ð3Þ

where H ¼ HT 2 Rnu�nu is the static-rate-feedback matrix. The closed-loop system becomes as

_xðtÞ ¼ AclxðtÞ þ BwðtÞ

yðtÞ ¼ CxðtÞ ð4Þ

where

Acl ¼ A� BHC ¼
0n�n In
�M�1K �M�1ðDþ FHFTÞ

� �

Note that the stability of the closed-loop system is always guaranteed, even if there are some
uncertainties in the structural parameters because of the symmetric property of the plant [14].
Define the transfer function matrix of the closed-loop system in Equation (4) as
GclðsÞ :¼ CðsI2n � AclÞ

�1B. Then the bounded real lemma guarantees that kGclðsÞk1pg ðg40Þ
if and only if the following LMI with respect to a matrix P ¼ PT 2 R2n�2n and g is satisfied [16]:

AT
clPþ PAcl PB CT

BTP �gInu 0nu�nu

C 0nu�nu �gInu

2
664

3
775p0 ð5Þ

Also, in the H2 norm case the condition kGclðsÞk
2
2pn (n40) is satisfied if and only if there exist

matrices P ¼ PT 2 R2n�2n and Q ¼ QT 2 Rnu�nu satisfying the following LMIs [16]:

AT
clPþ PAcl PB

BTP �Inu

" #
o0;

P CT

C Q

" #
40; traceðQÞpn ð6Þ

The matrix P in Equations (5) and (6) can be given as follows:

P :¼ a
K 0n�n

0n�n M

" #
; a40 ð7Þ

Note that the matrix P in Equation (7) is symmetric and positive definite. Substituting Equation
(7) into Equations (5) and (6), we have the following matrix inequalities:

�2aðDþ FHFTÞ aF F

aFT �gInu 0nu�nu

FT 0nu�nu �gInu

2
664

3
775p0 ð8Þ

�2aðDþ FHFTÞ aF

aFT �Inu

" #
p0;

aM F

FT Q

" #
40; traceðQÞpn ð9Þ
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Equations (8) and (9) are sufficient conditions for kGclðsÞk1pg and kGclðsÞk22pn, respectively,
because we assume the specific structure, given as Equation (7), for the matrix P in Equations
(5) and (6). In other words, Equation (8) (or (9)) gives a condition that an upper bound of the
closed-loop H1 (or H2) norm is less than g (or n1=2).

In the analysis problem, the case that the feedback gain matrix H is known, the original
condition on the closed-loopH1 orH2 norm, given in Equation (5) or (6), becomes an LMI on
the matrix P ¼ PT and the performance index g (or n). This fact means that we can obtain the
global minimum g or n from the LMI condition in Equation (5) or (6) with a software currently
available, e.g. [15]. The optimal g or n obtained from LMIs Equation (8) or (9) generally
becomes larger than that obtained from Equation (5) or (6) because of the above reason about
the structure imposed on the matrix P. However, in the synthesis problem, the case we need to
obtain is the static output feedback gain matrix H minimizing g or n, we do not have any
methods to obtain the global optimal feedback gain matrix H in the sense of the closed-loop
H1 or H2 norm because Equations (5) and (6) become bilinear matrix inequalities (BMIs) on
the unknown parameter H and P. It is well known that the general BMI problem is an NP hard
problem, i.e. roughly speaking, there are no efficient methods to obtain the global optimal
solution, in contrast to the LMI problem [13].

In contrast, we point out that the two matrix inequalities given in Equations (8) and (9) are
LMIs on the scaled static output feedback gain matrix aH. This fact means that we can obtain
the optimal H that globally minimizes the upper bound of the closed-loop H1 or H2 norm by
solving the LMI given as Equation (8) or (9). We note that it is not possible to obtain the global
optimal solution if we take the original LMI conditions, given in Equations (5) and (6), to get
the optimal static-rate-feedback control because they are BMIs with respect to the matrix H and
the matrix P.

Furthermore note that Equations (8) and (9) are LMIs also on the structural parameters, e.g.
the scaled damping matrix aD and the scaled mass matrix aM (in the H2 norm case). This fact
means that we can obtain the global optimal scaled static-rate-feedback aH as well as the scaled
structural matrix aD (and aM in the H2 norm case) using the upper bound of the closed-loop
H1 or H2 norm.

In summary, we can get the global optimal solution to the static output feedback control
problem and the integrated design problem of structural and control systems, both of which
have been considered to be hard to solve in a global sense [7,10] for collocated structural systems
with the rate feedback control. In the next section we will show that the above LMI conditions
given in Equations (8) and (9) are applicable to a variety of control design problems with
examples.

4. CONTROL SYSTEM DESIGN

4.1. Static-rate-feedback control

As the first example let us consider an active vibration control problem for a 3-dof system given
in Figure 1. We assume that two pairs of the collocated rate sensor and actuator are installed.
The coefficient matrices of the equation of motion (Equation (1)) are given as follows:

qðtÞ :¼ ½q1ðtÞ q2ðtÞ q3ðtÞ�T; uðtÞ :¼ ½u1ðtÞ u2ðtÞ�T
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yðtÞ :¼ ½ _q1ðtÞ _q2ðtÞ�
T; wðtÞ :¼ ½w1ðtÞ w2ðtÞ�T; M :¼ diagðm1;m2;m3Þ

D :¼
d1 þ d2 �d2 0
�d2 d2 þ d3 �d3
0 �d3 d3

2
4

3
5; K :¼

k1 þ k2 �k2 0
�k2 k2 þ k3 �k3
0 �k3 k3

2
4

3
5; F :¼

1 0
0 1
0 0

2
4

3
5

The value of each structural parameter is shown in Table I. Those values are taken from the
benchmark building of National Center for Research on Earthquake Engineering (NCREE),
Taiwan [17].

For the collocated system in Equation (1) we firstly design a feedback control law
uðtÞ ¼ �HyðtÞminimizing the upper bound of the closed-loopH1 norm. Using Equation (8) we
have the synthesis LMI condition given as

�2ðaDþ FHsF
TÞ aF F

aFT �guI2 02�2

FT 02�2 �guI2

2
664

3
775p0; a40 ð10Þ

where gu40 is the upper bound of the closed-loop H1 norm and Hs :¼ aH.
In the same way that we obtain Equation (10), we have a following synthesis LMI condition

to minimize the upper bound of the closed-loop H2 norm:

�2ðaDþ FHsF
TÞ aF

aFT �I2

" #
p0;

aM F

FT Q

" #
40; traceðQÞpnu; a40 ð11Þ

where nu40 is the upper bound of the closed-loop squared H2 norm.
In each synthesis LMI given in Equations (10) or (11) we cannot deal with the amount of the

energy consumption for the feedback control. In the practical situation, it is always favorable to

Figure 1. 3-dof system.

Table I. Structural parameters of the 3-dof structure.

Structural parameter Value (Unit)

m1 ¼ m2 ¼ m3 6000 (kg)
d1 8:7314� 102 (Ns/m)
d2 3:6620� 103 (Ns/m)
d3 5:4533� 103 (Ns/m)
k1 1:6609� 106 (N/m)
k2 1:9152� 106 (N/m)
k3 1:5694� 106 (N/m)
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suppress (or minimize) the amount of the energy for control as long as the closed-loop
performance specification is met. As a constraint on the energy consumption the following
constraint on the feedback gain matrix H is imposed:

sðHÞ ¼ s
Hs

a

� �
pb; b40 ð12Þ

From the definition of the maximum singular value of the matrix Equation (12) is equi-
valent to

b2I2 �
H2

s

a2
X0 ð13Þ

Note that Hs ¼ HT
s . With the Schur complement formula, Equation (13) can be transformed

into a following LMI on Hs and a:

abI2 Hs

Hs abI2

" #
X0 ð14Þ

Using the above results we obtain the optimal feedback gain matrix H minimizing the upper
bound of the closed-loop H1 or H2 norm subject to the energy constraint given as Equation
(12) with respect to b :¼ ½103; 106� to examine the error between the obtained upper bounds and
their actual values. Note that the actual values of the closed-loop H1 and H2 norms are
obtained by solving LMIs Equations (5) and (6) without any restrictions on the Lyapunov
matrix P ¼ PT, respectively. In this case the closed-loop system matrix Acl is obtained with the
feedback gain matrix H that is the solution to LMI Equation (10) or Equation (11). The
obtained upper bounds with their actual values of norms are shown in Figures 2 and 3,
respectively. From both results the proposed upper bounds of the H1 and H2 norms are quite
nice estimates of the actual ones of the closed-loop system especially in the case of a relatively
high control authority. In such a situation, we can conclude that the static-rate-feedback
controller minimizing the closed-loop H1 orH2 norm can be obtained by solving the proposed
LMI-based method.

10
3

10
4

10
5

10
6

0

2

4

6

8
x 10

β

H
∞

 n
or

m

γ
u

γ
γ
o
=1.0082×10

Figure 2. H1 norm of the closed-loop system (gu: upper bound, g: actual value, go: open-loop).
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4.2. Substructural-based decentralized control

For large-scale control objects we often consider a decentralized control scheme, local control
for subsystems that are interconnected with other ones, because obtaining the precise
mathematical model of such large-scale systems that require the centralized controller design
is difficult in general. Over the past three decades, the decentralized control has been actively
studied and enormous design methods have been proposed (for example, see [18] and the
references therein). Decentralized H1 or H2 control is shown to result in a non-convex BMI
problem [19]. Although several iterative algorithms for a locally optimal decentralized controller
have been proposed [18–20], we still do not have a method for the global optimal controller
design.

In this subsection we demonstrate that the rate feedback decentralized controller, which
globally minimizes the upper bound of the closed-loop H1 or H2 norm, can be obtained for
collocated structural systems using the present LMI-based method through a design example.
We consider a vibration control problem of a 6-dof system given in Figure 4. The 6-dof system
consists of two 3-dof subsystems S1 and S2, and both subsystems are connected to each other by
a damper d7. Four rate sensors are installed on m1, m2, m4 and m5 to measure _q1ðtÞ, _q2ðtÞ, _q4ðtÞ
and _q5ðtÞ and four force actuators are placed so that the sensors and the actuators are
collocated. In this case the coefficient matrices of the equation of motion in Equation (1) are
given by

qðtÞ :¼ ½q1ðtÞ q2ðtÞ q3ðtÞ q4ðtÞ q5ðtÞ q6ðtÞ�T; uðtÞ :¼ ½u1ðtÞ u2ðtÞ u4ðtÞ u5ðtÞ�T

yðtÞ :¼ ½ _q1ðtÞ _q2ðtÞ _q4ðtÞ _q5ðtÞ�
T; wðtÞ :¼ ½w1ðtÞ w2ðtÞ w4ðtÞ w5ðtÞ�T

M ¼ diagðm1;m2;m3;m4;m5;m6Þ

10
3

10
4

10
5

10
6

0

1

2

3

4
x 10

β

H
2 n

or
m

ν
u
1/2

ν1/2

ν
o
1/2=2.2167×10

Figure 3. H2 norm of the closed-loop system (n1=2u : upper bound, n1=2: actual value, n1=2o : open-loop).

K. HIRAMOTO AND K. GRIGORIADIS432

Copyright r 2008 John Wiley & Sons, Ltd. Struct. Control Health Monit. 2009; 16:425–440

DOI: 10.1002/stc



D :¼

d1 þ d2 �d2 0 0 0 0

�d2 d2 þ d3 þ d4 �d3 0 �d7 0

0 �d3 d3 0 0 0

0 0 0 d4 þ d5 �d5 0

0 �d7 0 �d5 d5 þ d6 þ d7 �d6
0 0 0 0 �d6 d6

2
66666664

3
77777775

K :¼

k1 þ k2 �k2 0 0 0 0

�k2 k2 þ k3 þ k4 �k3 0 0 0

0 �k3 k3 0 0 0

0 0 0 k4 þ k5 �k5 0

0 0 0 �k5 k5 þ k6 �k6
0 0 0 0 �k6 k6

2
66666664

3
77777775
; F :¼

1 0 0 0

0 1 0 0

0 0 0 0

0 0 1 0

0 0 0 1

0 0 0 0

2
66666664

3
77777775

The structural parameters in the present example is given in Table II.
For the 6-dof system, a following substructural decentralized control is assumed:

uðtÞ ¼ HdyðtÞ; Hd :¼
H1 02�2

02�2 H2

" #
; Hi ¼ ðHiÞT 2 R2�2; i ¼ 1; 2 ð15Þ

where H1 and H2 are rate feedback gain matrices for subsystem S1 and S2, respectively. The
control law is a substructural-based decentralized control because the control force for each
subsystem is determined only by sensor information of the corresponding subsystem, not by
that of another one.

Figure 4. 6-dof system consisting of two subsystems S1 and S2.

Table II. Structural parameters of the 6-dof structure.

Structural parameter Value (Unit)

m1 ¼ m2 ¼ m3 ¼ m4 ¼ m5 ¼ m6 5000 (kg)
d1 ¼ d2 ¼ d3 200 (Ns/m)
d4 ¼ d5 ¼ d6 100 (Ns/m)
d7 10 (Ns/m)
k1 ¼ k2 ¼ k3 ¼ k4 ¼ k5 ¼ k6 1:0� 106 (N/m)
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By adopting Equations (8) or (9) the synthesis condition of the static-rate-feedback
decentralized controller that minimizes the upper bound of the closed-loop H1 or H2 norm is
given as follows:

H1 case:

�2ðaDþ FHd
sF

TÞ aF F

aFT �guI4 04�4

FT 04�4 �guI4

2
664

3
775p0; a40 ð16Þ

H2 case:

�2ðaDþ FHd
sF

TÞ aF

aFT �I4

" #
p0;

aM F

FT Q

" #
40; traceðQÞpnu; a40 ð17Þ

where Hd
s :¼ aHd . Even if we assume the decentralized-type structure for the feedback gain

matrix Hd Equations (16) and (17) are still LMIs on unknown parameters Hd
s , a and gu (or nu).

Therefore, we can obtain the global optimal solution minimizing the upper bound of the closed-
loop H1 or H2 norm.

We impose a following energy constraint for the vibration control:

sðHd Þpbd ; bd :¼ 103 ð18Þ

As shown in Equation (14) the above constraint can be described as a following LMI on Hd
s and

the scaling a40:

abdI4 Hs
d

Hs
d abdI4

" #
X0 ð19Þ

We obtain the following feedback gain matrix Hd minimizing the upper bound of the closed-
loop H1 norm with the LMI constraints Equations (16) and (19):

Hd ¼

8:3359 0:93495 0 0

0:93495 9:4745 0 0

0 0 9:2426 0:48556

0 0 0:48556 9:6887

2
666664

3
777775� 102 ð20Þ

The upper bound and the actual values of the closed-loop H1 norms become gu ¼ 9:5783�
10�4 and g ¼ 8:9502� 10�4, respectively, while the open-loop H1 norm is go ¼ 8:5232� 10�3.
The error between gu and g is ðgu � gÞ=g� 100 ¼ 7:0184%. Note that the error becomes smaller
along with the increase of bd (the energy allowed to active control) in Equation (18). The open-
and the closed-loop time histories when an impulse disturbance is injected to m1 are shown in
Figure 5. The control effort of the closed-loop system is also shown in Figure 6. It is obvious
that the obtained decentralized control system achieves a good damping property compared
with that of the open-loop system.

4.3. Integrated design of structural and control systems

The synthesis result in Section 4.1 can be easily extended to the integrated design of structural
and control systems. Assume that the matricesM and D are linear functions on structural design
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parameters. Then we can represent each matrix as a sum of the nominal value
and the perturbation matrix caused by the tuning of the structural design parameter(s)
given as

M :¼M0 þ DM; DM 2 Rn�n ð21Þ

D :¼ D0 þ DD; DD 2 Rn�n ð22Þ

where the matrices with superscript 0 denote the nominal value matrices and the matrices D?
(?: M or D) are perturbation matrices. We pose the following inequality constraint on each
perturbation matrix:

D?pD?pD? ð23Þ

where the matrices D? and D? are the lower and the upper bounds of the matrix D?, respectively.
We formulate the integrated design problem so as to obtain the optimal structural perturbation
D? and the feedback gain matrix H to minimize the upper bound of the closed-loop H1 or H2

norm.
By substituting Equations (21) and (22) into the corresponding matrices in LMI condition

Equations (8) and (9) we have the following LMI conditions for the integrated design of the
collocated structural system and the rate feedback control:
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Figure 5. Time histories of the open- and the closed-loop systems for the impulse disturbance.
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H1 case: The upper bound of the closed-loop H1 norm is less than or equal to gu40 if and
only if

�2ðaD0 þ DDs þ FHsF
TÞ aF F

aFT �guInu 0

FT 0 �guInu

2
664

3
775p0 ð24Þ

a40; aDDpDDspaDD ð25Þ

where Hs :¼ aH and DDs ¼ aDD, respectively.
H2 case: The upper bound of the squared closed-loopH2 norm is less than or equal to nu40

if and only if

�2ðaD0 þ DDs þ FHsF
TÞ aF

aFT �Inu

" #
p0;

aM0 þ DMs F

FT Q

" #
40; traceðQÞpnu ð26Þ

a40; aDMpDMspaDM; aDDpDDspaDD ð27Þ

where DMs :¼ aDM.
We can incorporate the energy constraint also in Equation (14) also in this integrated design

case.
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Figure 6. Control effort of the closed-loop system.
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The global optimal structural design parameters and feedback gain matrices can be obtained
simultaneously by minimizing gu or nu in the above two LMI conditions without any heuristic
iterations. This is the advantage of the proposed method because most integrated design
methods only guarantee the convergence to a local optimal solution by employing heuristic
iterative methods, e.g. coordinate descent method or homotopy method, etc. [9,11,12]. This is
because the general integrated design problem is shown to result in a BMI problem [10]. The fact
means that we cannot obtain the global optimal solution to the general integrated design
problem with a reasonable amount of computation [13]. A lot of numerical optimization-based
design methods guaranteed the local convergence that have been proposed so far [9–12].
However the integrated design problem for obtaining the global optimal structural design
parameters and the controller still remains as the open problem.

On the other hand, the integrated design in the present paper enables us to obtain the global
optimal structural design parameters and the static-rate-feedback gain matrix in a simultaneous
manner just by solving a single set of LMIs even though the control performance index is given
as an upper bound of the closed-loop H1 or H2 norm. The price for the advantage of the
proposed scheme is that we can only optimize the upper bound of the closed-loop H1 or H2

norm.
As a design example let us consider the 3-dof system in Figure 1 again. We assume that the

damping coefficients d1, d2 and d3 can be adjusted. Nominal values of the structural parameters
are same as those of the example in Section 4.1. Define ddi ði ¼ 1; 2; 3Þ as the adjustable design
parameter of each damping coefficient (structural design parameter). Then the damping matrix
D is represented as

D ¼ D0 þ DD; DD ¼
X3
i¼1

Widdi ð28Þ

where

D0 ¼
d1 þ d2 �d2 0
�d2 d2 þ d3 �d3
0 �d3 d3

2
4

3
5; W1 :¼

1 0 0
0 0 0
0 0 0

2
4

3
5

W2 :¼
1 �1 0
�1 1 0
0 0 0

2
4

3
5; W3 :¼

0 0 0
0 1 �1
0 �1 1

2
4

3
5

In this example we set the lower and the upper bounds of ddi’s as

ddioddipddi; i ¼ 1; 2; 3 ð29Þ

where ddi ¼ �0:9di and ddi ¼ 9di (i ¼ 1; 2; 3) such that the lower and the upper bounds of the
adjusted damping coefficients d�i :¼ di þ ddi (i ¼ 1; 2; 3) become 0:1di and 10di, respectively. As
the energy constraint for the controller we impose a norm constraint given by Equation (14) on
the scaled feedback gain matrix Hs by taking b ¼ 105. The upper bounds of the closed-loop H1

and H2 norms are optimized with the proposed method. The result is presented in Tables III
(H1 norm case) and IV (H2 norm case), respectively. The actual values of the closed-loop H1

and H2 norms are obtained by solving LMIs Equations (5) and (6), respectively, without any
restrictions on the matrix P ¼ PT using the obtained solution to the corresponding integrated
design problem (H1 case: Equations (24) and (25), H2 case: Equations (26) and (27)). For the
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comparison purpose, the result in the case of the fixed structural design parameters (obtained in
the method presented in Section 4.1) with the same norm constraint on the feedback gain matrix
is shown in each table. We can easily see that the closed-loop performance of the integrated

Table III. Result of the integrated design (H1 case).

Controller design Integrated design

gu (Upper bound) 9:9591� 10�6 9:6056� 10�6

g (Actual value) 9:9153� 10�6 9:2903� 10�6

Error 0.44172 3.3936
ðgu�gg � 100Þ [%]
H

9:7941 0:18279
0:18279 9:8377

� �
� 104

8:5899 1:2518
1:2518 8:8886

� �
� 104

dd1 0 7:8580� 103 ð¼ dd1Þ
dd2 0 3:2942� 104 ð¼ dd2Þ
dd3 0 3:0994� 104 ð6¼ dd3Þ

Table IV. Result of the integrated design (H2 case).

Controller design Integrated design

n1=2u (Upper bound) 4:1011� 10�5 4:0412� 10�5

n1=2 (Actual value) 4:0171� 10�5 3:5111� 10�5

Error 2.0904 15.096

ðn
1=2
u �n1=2

n1=2 � 100Þ [%]

H
9:7357 0:17670
0:17670 9:7805

� �
� 104

8:7504 1:0480
1:0480 9:0458

� �
� 104

dd1 0 6:9653� 103 ð6¼ dd1Þ
dd2 0 2:4119� 104 ð6¼ dd2Þ
dd3 0 3:0982� 104 ð6¼ dd3Þ
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Figure 7. Maximum singular value plots of the closed-loop systems.
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design is better than that of the controller design both in theH1 and the H2 cases. We can also
see that the upper bound of the closed-loop H1 or the H2 norm is sufficiently accurate
compared with their actual values. This result numerically shows the effectiveness of the
proposed integrated design method in optimizing the upper bound of the closed-loop
performance index. The maximum singular value plots of the two closed-loop systems, i.e.
the cases of the controller design and the integrated design, are shown in Figure 7 in the case of
the H1 control. From the above results the integrated design, the simultaneous design of the
structural parameters and the feedback controller, accomplishes better result than that of the
controller design. Furthermore, it may be interesting to note that the optimized structural design
parameters are not necessarily their upper bounds in both cases, that is, the higher structural
damping is not necessarily beneficial to the performance enhancement in the case of active
vibration control.

5. CONCLUDING REMARKS

The synthesis problem of the H1 and the H2 static-rate-feedback controller for externally
symmetric systems has been considered. The design problem of the static-rate-feedback
controller minimizing the upper bound of the closed-loop H1 or H2 norm can be formulated
as LMIs on the gain matrix. We propose a Lyapunov matrix with a scaling to derive the
synthesis LMI condition minimizing the upper bound of the closed-loop H1 or H2 norm with
the static-rate-feedback. We show that the relatively tight upper bound of the closed-loop H1

and H2 norms can be obtained with the scaled Lyapunov matrix and a constraint on the energy
consumption forthe control can be easily included as an additional LMI constraint on the
feedback gain matrix. We also show that the present scheme can be easily applied to the
substructural-based decentralized control problem.

The methodology can be easily extended to the integrated design of structural and control
systems. We can obtain the global optimal structural design parameters and the feedback gain
matrix minimizing the upper bound of closed-loop H1 or H2 norm in a simultaneous manner
by solving a set of LMIs.

The effectiveness of the proposed methodology is presented with several design examples.
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