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ABSTRACT: This article examines the collocated H1 control of vector second-order
structural systems using an analytical upper-bound method. The structural system considered
in this work is that of a cantilevered aluminum beam with a collocated pair of piezoceramic
patches to serve as actuators and sensors. An explicit expression that bounds the H1 norm
of collocated structural systems is applied for analysis and control synthesis, resulting in
significant computational advantages compared to standardH1 analysis and control methods.
The proposed approximation method is used to design a static output feedback controller that
guarantees a closed-loop H1 norm less than any user-defined value. This method is validated
using a finite element representation of the beam, and then verified experimentally.
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INTRODUCTION

T
HE H1 control design methodology has been
proven to be a valuable systematic tool in the

design of robust controllers for dynamical systems
(Zhou and Doyle, 1998). In structural control applica-
tions the H1 control methodology provides a powerful
method for vibration attenuation and robust control
(Moser, 1993; Balas and Doyle, 1994; Gawronski, 2004;
Yang et al., 2004), but the associated computational cost
for control design is significant, especially for large-scale
systems. Additionally, dynamic output feedback H1

control results in high-order dynamic controllers
(of order equal to the order of the generalized plant)
that are often difficult to implement due to controller
implementation constraints. This necessitates the use
of model or controller reduction with the burden
of additional computational cost and possible significant
performance degradation. In particular, the dynamic
output feedback H1 control design (Juang and Phan,
2001) requires the solution of coupled Riccati equations
that are computationally expensive and sometimes
prohibitive for very large-scale systems. The control
design results in a full-order dynamic controller, which
requires extensive online computations imposing limita-
tions on the sample rate for real-time implementation

and precluding observation and control of high-order
modes. Alternatively, dynamic output feedback H1

control design can be accomplished via the solution of
linear matrix inequality (LMI) optimization problems
(Skelton et al., 1998) that are also computationally
unattractive for large-scale systems.

The H1 control of structural systems has been
examined extensively in the controls literature (Moser,
1993; Balas and Doyle, 1994; Gawronski, 2004; Yang
et al., 2004 and references therein). Experimental
validation and implementation of H1 controllers for
vibration suppression have been demonstrated in many
test-beds including the use of smart materials for sensing
and actuation (Smith et al., 1994; Moheimani, 2000;
Halim and Moheimani, 2002). The motivation for the
present work stems from the need to develop and
implement a computationally efficient method for
analysis and static output feedback H1 control design
of large-scale collocated structural systems in a vector
second-order representation.

In this article, an alternative analysis and design
method is applied for systems that have the special
property of external symmetry in their state-space
representation. If the transfer function is symmetric,
an upper bound for the H1 norm can be calculated
analytically (Bai and Grigoriadis, 2005). This upper
bound can be used to calculate a static output feedback
controller that guarantees a closed-loop H1 norm less
than a given desired bound. This upper-bound method
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has obvious computational as well as implementation
advantages, especially for large-scale systems. The upper-
bound H1 approach has been validated via numerical
examples in Bai and Grigoriadis (2005) based on lumped
parameter models. The contribution of the present paper
is to extend and complete the validation based on an
actual system: a cantilevered beam with a collocated pair
of piezoceramic patches to serve as sensors and actuators.
To this end, we start with the distributed parameter
modeling of the system, the system damping identifica-
tion, and the finite element modeling for analysis and
control design. A complete study of the upper-boundH1

control approach based on both computational and
experimental results is provided for the above model.
The article concludes with a comparison of the analytical
and experimental results.
The notation to be used in this article is as follows:

Given a real matrixN, the orthogonal complementN? is
defined as the (possibly non-unique) matrix with max-
imum row rank that satisfies N?N ¼ 0 and N?N?T40.
Hence, N? can be computed from the singular value
decomposition of N as follows: N? ¼ TUT

2 where T is an
arbitrary non-singular matrix and U2 is defined from the
singular value decomposition of N (Skelton et al., 1998;
Saad, 2003). N? can also be interpreted as the left null
space of N:

N ¼ U1 U2

� � �1 0
0 0

� �
VT

1

VT
2

" #
:

The standard notation 4 (5) is used to denote the
positive (negative) definite ordering of symmetric
matrices. The ith eigenvalue of a real symmetric matrix
N will be denoted by liðNÞ where the ordering of the
eigenvalues is defined as lmaxðNÞ ¼ l1ðNÞ �
l2ðNÞ � , . . . , � lnðNÞ: The maximum singular value of
a (not necessarily square) matrix N will be denoted by
�maxðNÞ, which is also its spectral norm jjNjj. Nþ

will denote the Moore–Penrose generalized inverse of a
matrix N.

H1 CONTROL ANALYSIS

The class of dynamical systems under consideration is
assumed to be described by the following vector second-
order model with collocated sensors and actuators:

M €qþD _qþ Kq ¼ B0u

y ¼ BT
0 _q,

ð1Þ

where q 2 R
n is the generalized coordinate vector,

u 2 R
m is the input vector, and yðtÞ 2 R

m is the measured
output vector (m5n). The matrices M,D, and K are

symmetric positive definite matrices that represent the
structural mass, damping, and stiffness distribution,
respectively, i.e., we consider non-gyroscopic systems
with D ¼ DT (Banks et al., 1996). The above finite-
dimensional representation is often encountered in the
dynamics of structural systems resulting from a finite
element approximation of distributed parameter struc-
tural systems (Meirovitch, 1980). It is noted that velocity
feedback as in (1) is common in the collocated control of
structural systems (Balas, 1979) through a velocity
sensor, a displacement sensor with a derivative con-
troller, or an accelerometer with an integral controller.
In smart structures with piezoelectric sensors, velocity
feedback can be readily achieved through direct strain
rate feedback (Crawley and de Luis, 1987).

For control design of such systems, one usually brings
(1) to a first-order state-space form in order to take
advantage of the plethora of control design schemes for
linear time-invariant systems. A state-space realization
of (1) is given via:

_x ¼ Axþ Bu

y ¼ Cx,
ð2Þ

where the ðA,B,CÞ triple is given by:

A ¼
0 I

�M�1K �M�1D

" #
,

B ¼
0

M�1B0

" #
, C ¼ 0 BT

0

� �
,

and xðtÞ ¼ qðtÞT _qðtÞT
� �T

. The associated transfer
function from input u to output y is then given by:

TðsÞ ¼ 0 BT
0

� � sI �I

M�1K sIþM�1D

� ��1 0

M�1B0

� �
:

The above state-space formulation does not take
advantage of (i) the algebraic structure of the second-
order form, and (ii) the symmetry of the system.
Without utilizing the first-order formulation (2), one
may calculate the transfer function directly from (1),
which is given via the quadratic pencil (Lancaster, 1966):

TðsÞ ¼ BT
0 s
�
Ms2 þDsþ K

��1
B0: ð3Þ

Notice that by direct inspection, the above transfer
function is symmetric, i.e., TðsÞ ¼ TTðsÞ. The system (2)
is an externally symmetric state-space realization, that
is, there exists a non-singular matrix L such that:

ATL ¼ LA, CT ¼ LB:
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For the specific structural system considered in (1), the
associated matrix L is given by:

L ¼
�K 0
0 M

� �
:

This class of systems is more general than the class of
internally or state-space symmetric systems that satisfy
the symmetry conditions with a positive definite
transformation matrix L (Willems, 1976; Tan and
Grigoriadis, 2001).
For H1 control analysis and design, one requires the

computation of the H1 norm of (3), defined by:

kTðsÞk1 ¼ sup
!2R

�maxfTðj!Þg: ð4Þ

The standard way to compute the H1 norm is to bring
the system (1) in the first-order state-space form (2) and
employ computationally demanding schemes to approx-
imate this norm, for example using a bisection
method (Boyd et al., 1989) or eigenvalue computations
of the system’s Hamiltonian matrix (Bruinsma and
Steinbuch, 1990).
The present work is motivated by the results in

(Bai and Grigoriadis, 2005) that provide an analytical
upper bound of the H1 norm of collocated vector
second-order systems using a simple explicit formula.

Theorem 2.1 (Bai and Grigoriadis, 2005). Consider the
collocated vector second-order system (1). The system
has an H1 norm that satisfies the following bound:

kTðsÞk15g 0 ¼ lmax

�
BT
0D
�1B0

�
: ð5Þ

THE ANALYTICAL UPPER-BOUND H1

CONTROL SYNTHESIS

We now examine the H1 control synthesis problem
for collocated vector second-order systems. Consider
the following collocated vector second-order system
representation:

M €qþD _qþ Kq ¼ B0 uþ wð Þ,

z ¼ BT
0 _q,

y ¼ BT
0 _q,

ð6Þ

where yðtÞ 2 R
m is the measured output, zðtÞ 2 R

m is
the performance output vector, and wðtÞ 2 R

m is the
disturbance input.
The standard approach to design H1 controllers for

this system is to bring the system into a first-order state-
space form (2) and apply standard output feedback H1

control design methods (e.g., see Zhou and Doyle (1998)).
This approach requires the solution of the corresponding
H1 Riccati equations, resulting in an extreme computa-
tional burden for large-scale systems. Alternatively, the
above full-order dynamic output feedback H1 control
problem can be addressed via the solution of LMIs that
constitute a convex optimization problem (Skelton et al.,
1998), but the corresponding solution is also prohibitive
for large-scale systems. One additional burden is the
order of the designed dynamicH1 controller that is equal
to the order of the state-space system representation
leading to implementation challenges.

The proposed H1 control synthesis problem in this
work is to design a symmetric (to ensure closed-loop
symmetry) static output feedback gain G ¼ GT, such
that the static output feedback control:

u ¼ �Gy, ð7Þ

renders the closed-loop system stable with an H1 norm
less than a given bound �4 0. The resulting closed-loop
system (6), (7) is then given by:

M €qþ
�
Dþ B0GB

T
0

�
_qþ Kq ¼ B0w,

z ¼ BT
0 _q:

ð8Þ

We use the following results that provide an explicit
expression of the output feedback gains which guarantee
closed-loop stability and a closed-loop H1 norm for
(6)–(7) less than � (Bai and Grigoriadis, 2005).

Theorem 3.1 (Bai and Grigoriadus, 2005). Consider the
vector second-order system (6). For any �4 0 there exists
a symmetric output feedback control law (7) to provide a
closed-loop H1 norm less than �.

(a) If B0 is square and invertible, then G can be selected as:

G �
1

g
I� B�10 DB�1T0 : ð9Þ

(b) If B0 is singular, then G can be selected as:

G � Bþ0 DB?T0 B?0 DB?T0

� 	�1
B?0 D�Dþ

1

g
B0B

T
0

� �
BþT0 :

ð10Þ

COMPUTATIONAL RESULTS

To validate the proposed analytical upper-bound H1

approach and compare it with the traditional dynamic
H1 control synthesis, we consider an aluminum Euler–
Bernoulli cantilever beam, having piezoceramic patches
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that are used as a collocated actuator/sensor pair.
The collocated patches are placed at the root of the
beam to maximize controllability (Gawronski, 2004).
The equation that describes the transverse displacement
xðt, �Þ, as taken from Banks et al. (1996) or Preumont
(1975), is given by:

�A
@2x

@t2
þ
@2

@�2
EI
@2x

@�2

� �
¼
@2

@�2
�
�kauðtÞ

�
, ð11Þ

where E, I, �, and A are the Young’s Modulus, the area
moment of inertia, the density, and the cross-sectional
area of the beam, respectively. The parameters ka and
u are the actuating constant (Moheimani et al., 2003)
of the piezo and the applied voltage to the piezo,
respectively. The characteristic function � represents the
location of the piezo and is given by:

�ð�Þ ¼
1 if �i �

"
2 � � � �i þ

"
2

0 otherwise

(
,

where �i is the piezo patch center and � is the length of
the piezo. Damping is not considered in Equation (11),
but will be introduced later as Raleigh (visco elastic plus
air) damping.
The system described in (11) can be solved analytically

(Inman, 1989), but mass and stiffness contributions
from the piezoactuators cause discontinuities in
the equations making an analytical solution extremely
difficult. An analytical expression for calculating
the natural frequencies using the Raleigh method
(Ferti, 1973) of a cantilevered beam with concentrated
masses is presented in Blevins (1979). In this work,
we use a finite element-based Galerkin scheme
(Meirovitch, 1980; Banks et al., 1996) to discretize the
system in space coordinates. Alternate finite element
methods are presented in Petyt (1990). The basis
functions for the Galerkin approximation
xðt, �Þ �

P
i¼1 qiðtÞfið�Þ, are the cubic splines defined in

Prenter (1975); Schultz (1989). Since the properties
of the piezo are significant when compared to the
properties of the beam, the model must include the
mass and stiffness contributions of the piezo actuator/
sensor pairs (Preumont, 1975; Banks et al., 1996;
Smith, 2005).
Using a Galerkin approximation scheme (Meirovitch,

1980) that preserves exponential detectability and
stabilizability (Banks et al., 1996), the above system
can be written in a finite dimensional vector second-
order form:

M €qðtÞ þD _qðtÞ þ KqðtÞ ¼ B0uðtÞ,

yðtÞ ¼ BT
0 _qðtÞ,

where:

½M�ij ¼

Z L

0

�Afið�Þfjð�Þ d�, ½K�ij ¼

Z L

0

EIf00i ð�Þf
00
j ð�Þ d�,

½B0�i ¼

Z L

0

�ð�Þkaf
00
i ð�Þ d�,

where fi is the ith cubic spline and L is the length of the
beam. A damping term has been included in the above
vector second-order formulation. The computation of
the system damping matrix D using experimental data
will be discussed in the following section. The computa-
tional results are obtained by using the parameter values
provided in Table 3.

Using a value of �¼ 1.5, we compute a dynamic H1

controller using the scheme described in Zhou and
Doyle (1998) and compare the result to a static H1

controller using the guaranteed upper-bound gain
calculation (10) in Theorem 3.1. A feasibility solution
of the H1 control problem is considered, requiring
kTzwk15g where Tzw is the closed-loop transfer
function of the vector second-order system (6) from
w(t) to z(t). The results are obtained for three different
values of the discretization index n¼ 20, 60, and 120,
which, when put into a first-order state-space form (2)
result in a state-space model of order 40, 120, and 240,
respectively. These results are presented in Table 1.
One can easily observe the enormous computational
advantages of using the analytical upper-bound method
over the standard dynamic H1 computations.
For example, when n¼ 120, it takes 82.6 CPU seconds
to compute the dynamic controller compared to the
3.875 CPU seconds required to compute the static
controller using (10). The resulting closed-loop H1

norm given by the dynamic controller is 1.22 and the one
obtained by the static controller is 1.4785. This
difference in performance is a small price to pay for
the huge computational savings which are in the range
of 90–95% CPU time reduction.

Comparing the computational time to simply com-
pute the true H1 norm versus the approximate upper
bound using (5) also demonstrates impressive results,
as shown in Table 2. The computed upper bound of the

Table 1. Computational time comparison for dynamic
H1 and static upper-bound H1 control designs (CPU
seconds) for c¼1.5; (true H1 norm computed using
Matlab� command norminf).

Case Dynamic Static

# Elements Time
True H1

norm Time
True H1

norm

20 0.533 1.1696 0.047 1.4767
60 11.956 1.1693 0.531 1.4765

120 82.652 1.2236 3.875 1.4785
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H1 norm of the closed-loop system using the analytical
expression (5) is very close to the true norm, whereas the
computational time is about two orders of magnitude
less (450 times less).
To further appreciate the benefits of the proposed
analytical upper-bound control design scheme, we plot
in Figures 1–3 the magnitude curves of the open and
closed-loop systems using g ¼ 10, g ¼ 1, and �¼ 0.1.
Finally, we compare the magnitude plots of the

closed-loop system using the standard full-order
dynamic H1 controller approach (Zhao and Doyle,
1998) and the closed-loop system using the proposed
static output feedback (10) for a design value of � ¼ 1.5.
Figure 4 depicts the closed-loop system with the two
different controllers. Additionally, Table 3 summarizes
the values of the design bound � and the associated
static output feedback gain G using Theorem 3.1.
Note that, as expected, the full-order dynamic
controller performs better than the static scalar
controller. However, the performance difference is
small, and it is obtained with a great computational
and implementation burden.
It is noted that due to collocation and passivity, the H1

norm of the closed-loop system can become arbitrarily
small with appropriate high-gain selection in both the
static and dynamic control cases. The advantage of
the presented analytical upper-bound approach is the

Table 2. Computational time required to compute the
exact H1 norm and the approximate H1 bound for
n¼120.

True Approximate using (5)

CPU time True H1 norm CPU time H1 bound

7.188 0.099105 0.016 0.1
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Figure 2. Magnitude plot for open (solid) and closed (dotted)-loop
system with �¼ 1.
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Figure 3. Magnitude plot for open (solid) and closed (dotted)-loop
system with �¼ 0.1.
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Figure 1. Magnitude plot for open (solid) and closed (dotted)-loop
system with � ¼ 10.

100 101 102 103

Frequency (rad/s)

104 105 106 107
−80

−60

−40

−20

0

20

40
Closed-loop magnitude plot

M
ag

ni
tu

de
 (

dB
)

←H∞ Open loop = 55.08

←H∞ Closed loop (Static)= 1.4767

←H∞ Closed loop (Dynamic)= 1.1696

Open loop
Closed loop: g = 1.5 
Dynamic closed loop: g =1.5

Figure 4. Magnitude plots using dynamic and static H1 controllers
with � ¼ 1.5.

Collocated H1 Control of a Cantilevered Beam 869



explicit calculation of a static control gain that will
guarantee a desired H1 norm bound, resulting in
significant computational and implementation savings.
This advantage is especially apparent in large-scale
systems; e.g., notice that for n¼ 240, i.e., for a state-
space mode of order 480, the standard Riccati equation
formulation fails to compute a controller in Matlab�,
although the proposed explicit upper-bound approach
provides an appropriate output feedback gain in a
few seconds. The static gain condition (10) allows the
calculation of the smallest static state feedback
control gain that guarantees the desired H1 norm
bound. For the above comparison of the static and
dynamic controllers no weights have been used, and the
only requirement is the design of controllers that
guarantee a given H1 norm bound from the input to
the collocated output.

EXPERIMENTAL VERIFICATION

Now that we have demonstrated the computational
advantages of the proposed upper-bound H1 approach,
we seek to verify the method experimentally. The
physical properties of the beam for the experimental
setup are shown in Table 4.
When the residuals introduced by the weak formula-

tion of (11) are fully orthogonalized over each basis
function, the natural frequencies of the system can be
computed by setting up the free-vibration problem u¼ 0:

M €xþ Kx ¼ 0: ð12Þ

Considering the above as an eigenvalue problem that
yields the natural frequencies of the system (Junkins and
Kim, 1993), Equation (12) (Saad, 2003) becomes:

�M! 2
n þ K

� 	
X
!
¼ 0: ð13Þ

Since there is some uncertainty in the accuracy of the
piezo (Mide� QP20N) properties (density, stiffness, as
well as spatial dimensions) provided by the manufac-
turer, these physical properties are optimized using a
least squares method. After the optimization is complete,
(10) is solved for the natural frequencies !n, and we
find that the computational model matches the
physical system measured with a Hewlett–Packard�

35670 Dynamic Signal Analyzer (DSA) with an RMS
error of 1:56%.

Since the H1 norm upper bound is dependent solely
on the damping matrix D and forcing vector B0, we must
ensure that the computational damping is accurate to
a good degree with the experimental data. To calculate
the damping matrix, we assume Raleigh damping
D ¼ �1Mþ �2K (i.e., assume Kelvin–Voigt viscoelastic
plus air damping) and optimize the constants a1 and a2
based on experimental data (Juang and Phan, 2001).

To optimize for a1 and a2, the RMS error
of experimental and computational peaks is minimized
by a least squares method using the built-in Matlab�

optimization function fmincon. The optimal values
were found as �1 ¼ 2:0603 and �2 ¼ 1:2836� 10�6.
The logarithmic magnitude plots of the experimental
data and of the computational open-loop plot are
shown in Figure 5.

The sampling frequency for the experimental open-
loop system is 10 kHz, and as seen from Figure 5,
accuracy drops off for frequencies approaching the
Nyquist frequency (f ¼ 5kHz). For frequencies greater
than 1 kHz, there is also an augmentation in gain due to
the differentiator in series with the anti-aliasing filter
which will be discussed in section ‘Anti-aliasing Filter
and Differentiator’.

The experimental apparatus is shown in Figures 6 and
7 with a schematic of the system depicted in Figure 8.

Anti-aliasing Filter and Differentiator

To achieve the desired H1 attenuation level � for
the closed-loop system, we set up the control law (7)
shown again here:

u ¼ �GBT
0 _q: ð14Þ

Since the piezo output is given by Preumont (1975):

y ¼ BT
0 q,

the output signal must be differentiated (Sweeney
et al., 2005) in order for the system to be symmetric

Table 3. Values of upper bound c and associated static
feedback gain G using (9) or (10) in Theorem 3.1.

c 0.1 1 10 1.5

G 9.992 0.992 0.092 0.6587

Table 4. Physical parameters of the beam.

Beam parameter Value Units

Beam length 3:37� 10�1 m
Beam thickness 1:5494� 10�3 m
Beam height 5:08� 10�2 m
Beam stiffness 6:89� 1010 Pa
Beam density 2730 kg/m3

Piezo length 5:10� 10�2 m
Piezo thickness 8:45� 10�4 m
Piezo height 1:6078� 10�3 m
Piezo stiffness 6:9� 1010 Pa
Piezo density 7700 kg/m3

First piezo pair location 4:1434� 10�2 m
Second piezo pair location 1:4331� 10�1 m
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and render the analytical bound approach applicable.
An analog circuit is used to differentiate the output
of the piezo with a DC gain of �40 dB to prevent
saturation.

Since the DSP processor (dSPACE� ACE 1103)
samples at 10 kHz, the differentiator must be cascaded
with an anti-aliasing filter before entering the processor.
If this filter is omitted, we will see unexpected peaks and
augmented gains within the bandwidth of our frequency
response. The anti-aliasing filter is a fourth-order
Butterworth low-pass filter, whose �3 dB cut-off fre-
quency is fs

2 ¼ 5 kHz. The frequency response of the
differentiator þ anti-alias filter is shown in Figure 9.

As shown in Figure 9, the filter closely models the
ideal differentiator for frequencies 5 1kHz, but loses
accuracy for higher frequencies. The high gains for
frequencies 4 1kHz explains the loss of accuracy in the
high-frequency response shown in Figure 5. Since we
require the signal to be fed back in real time, the phase
of the differentiator is also important. An ideal
differentiator has a phase shift of 90�. The phase
response of the differentiator þ anti-alias filter is
shown in Figure 10.

As shown in Figure 10 the phase also drops as the
frequency approaches the cut-off of the anti-alias filter.
To ameliorate the high-frequency error and make the
differentiator closer to the ideal, the sampling frequency
can be increased, but when the sampling frequency
is increased past 10kHz the capacity of the DSP is
approached and latency appears in the calculations.

Experimental Results

In this section we compare the theoretical and
experimental results of the static upper-bound H1

controller. A H1 norm bound of �¼ 17.6136 is selected
for control design. This bound corresponds to a 20%
reduction of the open-loop H1 norm. It is noted that
the achievable closed-loopH1 norm reduction is limited
by the magnitude of the control gain to meet actuation
saturation and implementation constraints.

Using Theorem 3.1 and the damping matrix D
obtained in the Experimental Verification section,
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−70

−60

−50

−40

−30

−20

−10

0

10

20

30

Frequency (Hz)

P
ie

zo
 o

ut
 m

ag
ni

tu
de

 (
dB

)
Experimental results sample rate = 10 kHz

FEM model 40 elements

Figure 5. Experimental and computational frequency response.
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Figure 8. Schematic of experimental setup.

Figure 7. Signal conditioner and anti-alias filter.

Figure 6. Cantilevered beam experiment.
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we calculate a static output feedback control gain to be
G¼ 0.055268. The computational closed-loop magni-
tude response for the above value of the feedback gain G
is shown in Figure 11. The experimental results with the
same feedback gain are shown in Figure 12. The small
difference in the frequency response is due to the
unavoidable modeling errors and the inaccuracy in
the damping calculation. However, we observe that the
system dynamics and pole/zero location is consistent
in the computational and experimental frequency
response plots.
Using a pair of Mide/ACX� QP-20N piezoelectric

patches as a collocated actuator/sensor device, the beam
is excited with random noise by the HP� 35670A
DSA. The sensor signal is then differentiated and run
through Krohn-Hite� Model 3364 4-Pole low-pass
Butterworth filter to prevent aliasing. The filtered
signal is then run through a dSPACE� ACE 1103

rapid-control prototyping system and amplified by a
factor of G in real time. The feedback signal is then
conditioned through an Mide/ACX� Quickpack Power
Amplifier (EL 1224) set at unity gain and sent to the
actuating piezo. The DSA then measures the closed-loop
frequency response and we compare it to the open loop.

Table 5 reports both the experimental and simulation
results. It can be observed that both experimental and
simulation results produce a 6dB reduction in the
closed-loop H1 norm.

Table 5. Experimental vs computational results.

Scheme Open-loop H1 Closed-loop H1

Computational 40
FEM Model

27.32 dB 20.15 dB

Experimental 26.49 dB 20.84 dB
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Figure 9. Derivative þ anti-alias filter frequency response
(magnitude).
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Figure 12. Open-loop and closed-loop frequency response
G¼ 0.055268 (Experimental).
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Figure 11. Open-loop and closed-loop frequency response
G¼ 0.055268 (Computational FEM 40 Elements).
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CONCLUSIONS

An analytical upper-bound approach for output
feedback H1 control of collocated structural systems
has been investigated and validated both computation-
ally and experimentally. The symmetric model of a
cantilevered beam with collocated sensors and actuators
is introduced and modeled with a Galerkin-based finite
element approach. The computational results show
closed-loop attenuation in accordance with the theory,
and demonstrate enormous computational savings (up
to two orders of magnitude) compared to the traditional
full-order dynamic output feedback control design.
Second, the computational model is realized with a
cantilevered aluminum beam and the theory is tested
experimentally. The H1 attenuation is in agreement
with the theoretical model and the designed static scalar
controller provides the desired H1 norm attenuation
with minimal implementation complexity compared to
the full-order dynamic controller.
The present formulation requires matched distur-

bances entering at the control input location.
Generalization of the results to the case on non-
matching disturbances are currently examined along
with the treatment of other performance specifications
using similar algebraic upper-bound approaches.
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