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Alternating Convex Projection Methods for 
Discrete-Time Covariance Control Design 
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Communicated by M. Corless 

Abstract. The problem of designing a controller for a linear, discrete- 
time system is formulated as a problem of designing an appropriate 
plant-state covariance matrix. Closed-loop stability and multiple-output 
performance constraints are expressed geometrically as requirements 
that the covariance matrix lies in the intersection of some specified 
closed, convex sets in the space of symmetric matrices. We solve a covari- 
ance feasibility problem to determine the existence and compute a cova- 
riance matrix to satisfy assignability and output-norm performance 
constraints. In addition, we can treat a covariance optimization problem 
to construct an assignable covariance matrix which satisfies output per- 
formance constraints and is as close as possible to a given desired covari- 
ance. We can also treat inconsistent constraints, where we look for an 
assignable covariance which best approximates desired but unachievable 
output performance objectives; we call this the infeasible covariance 
optimization problem. All these problems are of a convex nature, and 
alternating convex projection methods are proposed to solve them, 
exploiting the geometric formulation of  the problem. To this end, ana- 
lytical expressions for the projections onto the covariance assignability 
and the output covariance inequality constraint sets are derived. Finally, 
the problem of designing low-order dynamic controllers using alternat- 
ing projections is discussed, and a numerical technique using alternating 
projections is suggested for a solution, although convergence of  the 
algorithm is not guaranteed in this case. A control design example for 
a fighter aircraft model illustrates the method. 
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I. Introduction 

Customarily, the control design problem in state space is posed in terms 
of the immediate unknowns of the problem, namely the desired controller 
parameters. Although this is the most direct approach, it has several draw- 
backs. The control design problem subject to desired performance con- 
straints often results in a nonlinear and nonconvex optimization program 
with no guaranteed convergence nor global optimality. Moreover, an initial 
feasible stabilizing controller is usually needed to initiate the algorithm, 
which sometimes is difficult to obtain depending on the desired design 
constraints. 

In the frequency domain, the Youla-Kucera parametrization of all stab- 
ilizing controllers for discrete-time systems (Refs. 1, 2) provides the possibil- 
ity to transform the control design problem to a problem of finding a proper 
stable transfer matrix Q(z) such that the control design objectives are met. 
This approach has been adopted, for example, in Boyd et al. (Refs. 3, 4), 
where it was shown that the control design problem subject to certain per- 
formance objectives can be expressed as a convex optimization problem in 
terms of the parameter Q(z). Since the underlying space is infinite-dimen- 
sional, only an approximating problem can be solved by restricting Q(z) to 
vary in a finite-dimensional subspace of the space of stable matrices. More- 
over, to be able to satisfy the design objectives, usually the resulting subspace 
needs to be of very high dimension, resulting in a very high-order controller, 
even for low-order plants. 

Recently, several researchers have attempted to formulate a state-space 
discrete-time control design problem as a finite-dimensional convex optimi- 
zation problem, most notably Geromel et al. (Refs. 5, 6) and Kaminer et 
al. (Ref. 7). The key idea in these papers is to introduce a change of variables 
which replaces the search over the nonconvex space of the controller param- 
eters by a search over a new parameter space which is convex. The optimiza- 
tion problem is solved in the new parameter space, and a feasible stabilizing 
controller is obtained by a reverse change of variables from the new param- 
eter space to the space of controller parameters. The resulting optimization 
problem is nonsmooth; hence, nondifferentiable optimization techniques 
must be applied for a solution (Refs. 3, 8). 

In this paper, the discrete-time control design problem is solved in the 
parameter space of the plant-state covariance matrices. The design problem 
formulated in terms of the state covariance matrix is convex, finite-dimen- 
sional, and can lead to low-order controllers. Moreover, it has an appealing 
physical interpretation (the covariance matrix) and engineering motivation. 
It is known that stability, performance, robustness, pole location, and many 
other closed-loop design objectives can be related directly to the covariance 
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matrix (Refs. 9-13), thus providing a multiobjective flavor to the control 
design problem, which is absent from the traditional single-objective design 
techniques such as LQG or H ~ 

On the other hand, covariance control theory (Refs. 9, I0, 14, 15) 
provides a characterization of all assignable covariances and in addition 
a parametrization of all controllers which assign a particular assignable 
covariance. As a result, covariance control theory can be seen as a state- 
space parametrization of all stabilizing controllers of fixed order, resembling 
the Q-parametrization discussed above, but where now the parameter space 
is the space of covariance matrices. A noticeable advantage of this formula- 
tion of the problem over the frequency domain Q-parametrization is the 
finite dimensionality of the parameter space and the ability to fix the con- 
troller order to be equal or less than the order of the plant. By a slight abuse 
of language, the term covariance matrix will indicate the solution of the 
closed-loop Lyapunov equation, and it can have a stochastic as well as a 
deterministic interpretation (Ref. 16). 

Following this philosophy, the covariance control design problem is 
based on these three steps: 

(S1) formulate the desired control design objectives as constraints in 
the space of assignable covariance matrices; 

($2) use numerical techniques to obtain an assignable covariance 
which satisfy the desired objectives; 

($3) parametrize (in closed form) the set of all controllers which assign 
the desired covariance, computed in Step ($2); obtain a satisfac- 
tory one, according to some given criteria. 

In this paper, the constraints of Step (S1) will be assignability con- 
straints and multiple-output norm constraints. We will show that these con- 
straints represent closed and convex sets of simple geometry in the space of 
symmetric matrices, hence providing a very appealing geometric interpreta- 
tion to the covariance design problem. A desired covariance is one which 
lies in the intersection of these constrained sets. Our geometric approach 
of Step (S1) leads us to some additional techniques for the algorithmic 
implementation of Step ($2). We first note that the finite dimensionality and 
convexity of the parameter space in Step (S1) allows the possibility to use 
effective convex optimization techniques to obtain a solution of Step ($2). 
On the other hand, the simple geometric structure of the constraint sets in 
Step (S1) will give us the ability to derive an analytic expression for the 
projection operator onto each constraint set. Based on these results, alternat- 
ing convex projection methods are proposed to solve Step ($2). 

Alternating projection methods (Refs. 17-19) have been used success- 
fully in statistical estimation and image restoration problems (see Refs. 
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20-23 and references therein). They provide iterative schemes for finding a 
feasible point in the intersection of a family of closed convex sets or for 
finding the minimum distance solution with respect to this intersection. The 
basic idea is that of a cyclic sequence of projections onto the constraint sets; 
hence, expressions for the projection operators onto each individual set are 
needed. 

In this paper, we provide a geometric formulation of the following 
problems, and alternating projection-type techniques are proposed for a 
solution. 

(P1) Covariance Feasibility Problem. We look for a covariance 
matrix to satisfy the constraints imposed in Step (S1). Any feas- 
ible solution which satisfies these constraints is a valid one. 

(P2) Covariance Optimization Problem. We seek the covariance 
matrix to satisfy the constraints imposed in Step (S1), which is as 
close as possible to a given desired, but unassignable eovariance 
matrix. 

(P3) Covariance Suboptimization Problem. We look for a covari- 
ance matrix to satisfy the constraints of Step (S1), which is less 
than a prespecified distance from a given desired, but unassign- 
able covariance matrix. 

(P4) Infeasible Covariance Optimization Problem. We seek an 
assignable covariance which approximates as close as possible 
the desired design objectives. This corresponds to the case where 
the desired constraints of Step (S 1) are inconsistent; this happens 
often in practice, since the designer does not know a priori if the 
desired specifications are achievable. 

In Step ($3), from the set of all controllers which assign the feasible 
covariance obtained in Step ($2), we will choose a desired one according to 
some given criteria (e.g., to. minimize the required active control effort). In 
addition, a technique to design low-order controllers is proposed by restrict- 
ing the covariance matrix to satisfy a rank condition. Alternating projection 
techniques are suggested for a solution of this problem, although conver- 
gence of the method is not guaranteed in this case. 

The results in this paper follow the corresponding results for continu- 
ous-time covariance control developed in Ref. 24. In addition to the discrete- 
time counterparts of the results in Ref. 24, the following problems are dis- 
cussed in conjunction with the alternating convex projection technique: 
covariance suboptimization problem, block output variance constrained 
problem, and reduced-order controller design problem. 

Section 2 summarizes the necessary mathematical background from 
discrete-time covariance control theory. Section 3 shows the convexity of the 
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assignability and performance constraint sets and formulates the covariance 
design problems to be solved. Section 4 presents the alternating projection 
algorithms. Section 5 provides the analytic expressions for the required pro- 
jection operators and shows how to use these algorithms to solve the prob- 
lems in Section 3. Section 6 discusses the problem of reduced-order dynamic 
controller design. Section 7 provides a numerical example; some conclusions 
are offered in Section 8. 

We denote by the superscript T the transpose of a real matrix, by the 
superscript + the Moore-Penrose generalized inverse of a matrix, and by 
the superscript * a feasible or optimal solution. The Kronecker product 
between two matrices A = (aeg) and B is defined as A |  (aijB), that is, the 
block matrix with submatrices aijB. We denote by vec(A) the operator which 
stacks the columns of a matrix A one underneath the other, in one column 
vector. The square root of a positive-semidefinite matrix X is the unique 
positive-semidefinite matrix X J/2 that satisfies 

XI/2XI/2=.~_X. 

The square factor of a positive-semidefinite matrix X is any square matrix 
T that satisfies 

T T r = X .  

The Frobenious norm of a matrix X is 

][XIp = [tr(XX r)] , /2,  

where tr(. ) denotes the trace operator. 

2. Preliminaries 

Both static state feedback and dynamic feedback covariance control 
problems are examined. It is shown that both cases result in similar mathe- 
matical problems. We first examine the static state feedback problem. 

Consider a linear, time-invariant, discrete-time dynamic system with the 
following state-space representation: 

xp(k + 1) = Ap xp(k) + Bp u(k) + Dpwp(k), (1 a) 

y(k) = Cpxp(k) + Hpwe(k ), (lb) 

where xp(k)eR nx is the plant-state vector and y(k)~R + is the vector of 
outputs whose performances are of interest. We assume that (Ap, Dp) is 
controllable (Ap, Bp) is stabilizable, and Range(Bp)cRange(Dp). The last 
condition is always satisfied if the actuators are disturbance sources. In a 
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stochastic interpretation of the system (1), wp(k)~ R"" is a zero-mean white- 
noise process with covariance Wp > O. We seek a state feedback control law 

u(k) =Kxe(k ) (2) 

to satisfy desired closed-loop stability and performance objectives. 
Combining (1) and (2), the closed-loop system obeys 

xp(k + 1) = (Ap + BpK)xp(k) + Dpwp(k), (3) 

and the closed-loop state covariance matrix 

Xp a_ lim g{xp(k)xf(k)} (4) 
k ~  

satisfies the following discrete-time Lyapunov equation: 

Xp = (Ap + Bp K)Xp(Ap + BpK) r+  Dp WD T . (5) 

The controllability of (Ap, Dp) and our assumptions on the relation between 
Dp and Bp imply that (Ap+BpK, Dp) is controllable. Hence, Lyapunov 
stability theory guarantees that the closed-loop system is asymptotically 
stable (i.e., every eigenvalue of Ap+ BpK has magnitude less than unity) if 
and only if Xp > 0. Hence, we are interested only in positive-definite state 
covariances which satisfy Eq. (5). 

Definition 2.1. A closed-loop state covariance Xp > 0 is assignable to 
the closed-loop system if Xp satisfies Eq. (5) for some state feedback con- 
troller K. 

The concepts of covariance control theory for discrete-time state feed- 
back systems originated in Ref. 10 to provide a multiobjective flavor to 
the discrete-time control design problem. The mathematical objective of 
covariance control theory is to provide necessary and sufficient conditions 
for a covariance matrix to be assignable and a parametrization of all control 
gains which assign a particular covariance. The following results are from 
Ref. 10. 

Theorem 2.1. The set of all assignable state covariances Xp is parame- 
trized by 

( i -  B ~ B ; ) ( X ~  ~ ~ + - A, XpAp -DpWpD:)(I- B~B~, ) = O, 

Xp>O, 

Xp> D:W, Df. 

(6a) 

(6b) 

(6c) 
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Theorem 2.2. If a state covariance Xp is assignable, then all state feed- 
back gains which assign Xp to the discrete-time system are parametrized by 

K=Bp{(Xp-DpWpDpr)l/2F,[: O]FfT-'-Ap} +(I-BpBp)Z, (7a) 

where Z is an arbitrary matrix, U is an arbitrary orthogonal matrix, T is a 
square factor of X, and F~, F2 are defined from the singular value 
decompositions 

( I -  BpBp)(Xp - Dp I / V  f ) T . ~ , / 2  _ EZF r, (7b) , , p u p ]  - -  

( I -  BpB;)A T= EZF r, (7c) 

where E, F~, F2 are orthogonal matrices. 

Next, we examine the discrete-time dynamic controller case with 
measurement noise. We consider the linear discrete-time dynamic system (1) 
with the measurement equation 

z(k) = Mpxp(k) + v(k), (8) 

where z(k) e ~": is the vector of noisy measurements and v(k) e ffCn., is a zero- 
mean white-noise process with covariance V> 0. We assume that (Ap, Mp) 
is a detectable pair. We wish to find a discrete-time dynamic controller with 
state space representation 

xc(k + l) = Acxc(k) + Bcz(k), (9a) 

u(k) = Ccx~(k) + Dcz(k), (95) 

where x~(k)eR' ,  Combining (1), (8), (9), the closed-loop system can be 
expressed in the following form: 

x(k + 1) = (A + BGM)x(k) + (O + BGJ)w(k), (1 O) 

where 

and 

x i.1 1 LXcJ 
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The closed-loop state covariance 

X& lim g{x(k)xr(k)}  (13) 
k---~ oo 

satisfies the discrete Lyapunov equation 

X = ( A + B G M ) X ( A + B G M ) r + ( D + B G J ) W ( D + B G J )  T, (14) 

where the noise covariance matrix W and the state covariance matrix X are 
partitioned as follows: 

0 ' Xp~ X~ J 

Closed-loop stability is equivalent to the condition X>0,  The following 
definition generalizes Definition 2.1 for the dynamic controller case. 

Definition 2.2. A closed-loop state covariance X > 0 is assignable to 
the closed-loop system if X satisfies (14) for some G. 

Since the closed-loop output performance is related only to the plant 
covariance matrix Xp, for our purposes we are interested only in the assign- 
ability of X v. Hence, we need the following definition. 

Definition 2.3. A plant-state covariance Xp > 0 is assignable if there 
exist Xc and )(pc in (14) such that X>  0 is assignable. 

Since (Ap, Dp) is controllable, it can be shown that 
(A + BGM, D + BGJ) is controllable provided the controller is minimal, i.e., 
(Ac, Be, Cc) is controllable and observable. Therefore, by the Lyapunov 
theory, A + BGM is asymptotically stable if and only if X > 0. Hence, Xp > 0 
and assignability guarantees stabilizability of the system. The following 
results are from Ref. 15. 

Theorem 2.3. A matrix Xp > 0 is an assignable plant-state covariance 
if and only if it satisfies 

( i -  T + - ApXpAp - Dp WpD;, ) ( I -  BpBp ) = 0, (16a) 

Xp> P, (16b) 

where P is the unique positive-definite solution of the following discrete- 
time algebraic Riccati equation: 

r r r V) MvPA ~ ~DpWpDpo (17) P : A p e A p  - avVM ~ (MePM ;, + - '  r r 
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Theorem 2.4. Let Xp be an assignable plant-state covariance. Then, a 
closed-loop state covariance X defined by (15) is assignable if and only if 
Xc, )(pc satisfy 

-XpcX~ Xpc>O, (18a) 

and )Tp is the positive-definite solution of the following Riccati equation: 
- -  - -  T - -  T - -  T Xp = ApXpAp - ApXpM; ( MpXpM; + V )- ~ Mp2pA ff 

+ DpWpDrp + s  r, (18b) 

for some/St  ~.x • % The set of all controllers which assign X to the closed- 
loop system is parametrized by 

+ ( I -  B+B)Z. (18c) 

Here, U is arbitrary row orthogonal; Z is arbitrary; L, F are defined by 

LL r = X -  AXA T-  D WD r 

+ (AXMT+ D WJr)(MXMT+ JwJT) -1 

• (AXMT+DWJT) T, L ~  (n'+'')• (18d) 

F F T = M X M r + J W T  T , F~ R(n"+~') • (~:+"'); (18e) 

and FI, F2 are defined from the singular-value decompositions 

( I -  BB+)L = E~EF r, (18f) 

( I  - B B  + ) ( A X M  r + D W J  r ) F - r = E~ Z F  r .  ( 18 g) 

This result parametrizes all assignable closed-loop state covariances and all 
controllers which assign a state covariance to the closed-loop system. 

Theorems 2.1 and 2.3 indicate that the state feedback and full-order 
plant state covariance assignability problems have similar structure, namely, 
that of finding a matrix that satisfies a linear matrix equation [(6a) or (16a)] 
and a matrix positivity constraint [(6b) or (16b)]. On the other hand, several 
closed-loop performance and robustness requirements can be expressed as 
constraints on the plant covariance matrix Xp. The plant covariance design 
problem is to find an assignable plant state covariance matrix which satisfies 
desired performance and robustness constraints. Therefore, covariance con- 
trol theory allows the control design problem to be formulated in terms 
of an assignable plant-state covariance Xp > 0, eliminating the controller 
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parameters from the design problem. When a desired assignable plant-state 
covariance is obtained, covariance control theory provides directly the ana- 
lytical expressions for all the controllers which assign this covariance to the 
closed-loop system. 

In the next section, we provide a geometric formulation of the assign- 
ability and the output performance constraints in terms of the plant-state 
covariance matrix Xp. 

3. Convex Constraint Formulation of the Covariance Design Problem 

Consider the nx(nx+ 1)/2-dimensional vector space 5e~, of nx • nx real 
symmetric matrices. We characterize the assignability and output perform- 
ance objectives as closed convex constraints sets in 5e, x. This approach pro- 
vides a new geometric interpretation of the covariance design problem. 

3.1. Assignability Constraints on Ae. x. Consider the following con- 
straint sets in 5e~,: 

d~-{Xp~Se,.,: ( I -BpB;)(Xp-ApXpArp-DpWpDr)(I -BpB;)=O},  (19) 

and 

~1 ~ {Xp~ ~nx: Xp>_P}, (20a) 

~2& {Xp~Se,,: Xp> 0}. (20b) 

In the definition of N1, we require that 

P=DpWpO T (21a) 

for the state feedback problem presented in Theorem 2.1, and P to be the 
positive-definite solution of the following Riccati equation: 

r r r V) MpPAp -{-OpWpO; (21b) P = ApPAp - ApPM~ (MpPMp + -1 r r 

for the dynamic controller case presented in Theorem 2.3. Note that d is 
an affine manifold (a translation of a linear subspace) in 5r and NI, ~2 are 
convex cones with vertices at P and 0, respectively; i.e., if P+Xp is an 
element of ~1, then also P + pXp is an element of ~ ,  for any scalar p > 0, 
and similarly for ~'2. The set N = Nj c~ ~2 is also a convex cone as an intersec- 
tion of two convex cones (Ref. 25). Obviously, ~ = N~ for the dynamic 
controller case, since in that case N1 c ~2. The plant-state covariance assign- 
ability conditions of Theorem 2.1 or Theorem 2.3 can be formulated equiva- 
lently as follows. 

Proposition 3.1. A matrix XpE~nx is an assignable plant-state covari- 
ance if and only if 

X p ~ d  c~ ~,  ~ = ~  c~ ~2, (22) 
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where P is provided by (21a) or (21b) for the static state feedback and the 
dynamic controller case, respectively. 

Hence, the set of assignable plant covariances is precisely the intersec- 
tion of the affine manifold d with the convex cone ~.  Note that the stabiliz- 
ability of the system is equivalent to the condition that the intersection 
d n ~' is nonempty. 

Since we will require the constraint sets to be closed sets, we replace 
~2 in (20b) by 

~:,,& {XpeSa,, : Xp>_ eI, x}, (23) 

for an arbitrarily small E>0, and we define the closed convex cone 
~,-~ ~ c~ 3~z,. We call any matrix X p e d  ~ ~ ,  an E-assignable plant covari- 
ance. Obviously, e-assignability implies assignability; in addition, when e--,0 
with �9 > 0, then the set d c~ ~ ,  tends to the set d c~ ~.  Hence, in the follow- 
ing, we will not distinguish between �9 and assignability. 

The following result shows a very important property of the set of all 
assignable plant-state covariances. 

Proposition 3.2. The set of all assignable plant-state covariances 
d c~ ~ is a closed and convex subset of 6e,~. 

The proof of this result is a direct consequence of the fact that the 
intersection of closed convex sets is closed and convex. 

3.2. Performance Constraints on 6r x. Suppose that the system output 
vector y ( k ) e R  ~" consists of the group of m vectors yl(k)~R"y', 
y2(k) E ~n,2 . . . . .  y,,(k) e R~'m; i.e., 

yr= [y~,yf  , 7" 
. . . .  Ym], (24) 

where ~ ,  = ny. Variance performance requirements on the system outputs 
correspond to matrix inequality constraints on the block diagonal elements 
of the output covariance matrix defined by 

Y~ lim e{y(k)yr(k)  } = CpXpCf + Hp WpHf . (25) 

Let 

c ; =  [ c;, , cl2 . . . . .  cL] ,  (26a) 

(26b) 
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be the block decomposition of Cp and Hp according to the output groups 
(24). Then the ith, i = 1 , . . . ,  m, block variance constraint has the following 
form: 

lim ~ { y ~ ( k ) y T ( k ) }  = r r Cpi XpCpi -~ Hp, W p H  p, <_ Y, , (27) 
k ~ o o  

where Yt~ R ' ' •  v, is a given bounding matrix. Define the following subsets 
of 5e,.,: 

6oA= H.,WpH }, i =  1 . . . .  , m .  (28) 

Then, the requirement that the system satisfy the ith block variance con- 
straint is equivalent to the constraint 

Xp~6oi. (29) 

The following result can be proved easily using the definition of 
convexity. 

Proposition 3.3. The set 6oi as defined by (28) is a closed and convex 
subset of  6e,,. Specifically, 6O~ is a closed convex cone with vertex 
Yi - n , ,  w p n l , .  . 

The subset of 5f,,. where all the desired variance constraints are satisfied 
is the intersection 

6o = 6ol c~. �9 �9 n 6ore. (30) 

Proposition 3.4. The set CO is a closed and convex subset of 6e, x. 

Note that C is a closed convex set as an intersection of a finite family 
of closed convex sets. 

As a special case, suppose that 

nyi = 1, i = 1 , . . . ,  m ; 

i.e., Cpi and H~i are the rows of the matrices Cp and Hp, respectively. In this 
case, the output variance constraint problem 

[ Y]/,-= [C~XpC~+HpWpHr]i i<cr~,  i=  1 . . . .  , ny, (31) 

is obtained (Refs. 10, 14), where [Y]ig is the ith diagonal element of the 
output covariance matrix Y and o'i are given bounds. 
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Next, we consider a constraint on the weighted closed-loop system out- 
put cost defined as 

Jy& lim g{yT(~)Oy(~c) }, (32) 

where Q > 0 is a constant weighting matrix. It can be verified easily that 

Jy = tr( XpCr aCp). (33) 

Suppose that the desired output cost constraint is 

Jy < y, (34) 

where y > 0 is a given scalar. By defining the set 

~g--- {Xpe St,, : tr(XpCraCp) < ~'}, (35) 

the constraint (34) is equivalent to requiring 

Xp~ff. (36) 

The following result is easy to verify. 

Proposition 3.5. The set cg is a closed and convex subset of 5anx . 

Note that ~ is a closed half-space in 5anx. 

3.3. Covariance Feasibility Problem. The covariance control design 
problem subject to output variance and output cost constraints of  the form 
(27) and (34), respectively, can be formulated as the following feasibility 
problem: 

(P1) Find a matr ixX*eSa,  x such that 

X * ~ d  c~ ~ n (9 n oK, (37) 

or determine that none exists. Note that the set d n ~ n (9 n cg is closed 
and convex as an intersection of  a finite number of  closed and convex sets. 
Although under stabilizability assumptions the set of  assignable plant covari- 
ances is nonempty, there is no guarantee that there exists a solution to the 
covariance feasibility problem, since the set of  desirable plant covariances 
on the right-hand side of  (37) might be empty. This might often be the case in 
practice, since the desired performance constraints might not be achievable. 
Hence, it is important that the methodology proposed to solve (37) can 
provide information about  the existence of  a solution. 

3.4. Covariance Optimization Problem. The covariance control design 
problem can be formulated alternatively as an optimization problem in 
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~ , .  Suppose that Xp > 0 denotes a desirable plant-state covariance con- 
structed to represent some desired system performance. Note that Xp might 
not be assignable. Hence, we are interested to find an assignable covariance 
X* which satisfies the desired performance objectives (27) and (34) and is 
as close as possible to Xp. Thus, we look for a solution to the following 
problem: 

(P2) Given Xp~6e.,, find a matrix X*e6e~ x to solve 

minllXp-S*ll, s.t. X * e ~ '  n ~ ,  n (9 n cg. (38) 

Note that, if ~r n ~ ,  n (9 n $0 is nonempty, then the covariance optimi- 
zation problem has a unique solution. 

3.5. Covariance Suboptimization Problem. Often, it is desirable to 
approximate the optimization problem (38) with the following suboptimiza- 
tion problem: 

(P3) Given a matrix X p ~ , x  and a scalar 8>0 ,  
find a matrix Xp ~ , ,  such that 

X* s d n ~ .  n (9 n c~, (39) 

liSp -X* II -< 6. (40) 

It is apparent that, by defining the closed ball around Xp, 

~= {Z~,~: [IZ-Xpll _<8}, (41) 

then the suboptimization problem (39)-(40) is equivalent to the following 
feasibility problem: 

r" * Find a mat ix Xp ~ 5P,~ such that 

X* ~ d  c~ ~ ,  n (9 n cg r~ ~.  (42) 

3.6. Infeasible Covariance Optimization Problem. In the case of incon- 
sistent constraints, i.e., when d c~ ~ n (9 n<g is empty, it is desirable to 
find an assignable covariance which approximates closely the desired but 
unachievable performance objectives (27) or (34). Note that the stabiliz- 
ability of the plant is equivalent to ~ n ~ ~ ~ .  Also, (9 n ~f ~ Z; since, for 
example, the zero matrix is an element of this set. Hence, in this case we are 
motivated to solve the following problem: 

(P4) Find a matrix X* ~ , x  to solve 

min dist(X*, (_9 n c~), s.t. X* ~ ~r n ~ ;  (43) 
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i.e., X* is the assignable plant covariance which minimizes the distance from 
the set of desired performance constraints. 

In the next section, a method of alternating projections is proposed to 
solve the above covariance design problems, taking advantage of the simple 
geometric structure of the problems. 

4. Alternating Convex Projections Method 

Consider a finite-dimensional Hilbert space ~ ,  and let [I. II be the norm 
induced by the inner product ( . , . ) .  Let U1, U 2 , . . . ,  U, be a family of 
closed convex sets in ~ ,  and define U-A~ n U2 n . . . n  U,. We seek to 
solve the following problems. 

(Q1) Feasibility Problem. 
tot X E ~  such that 

XeU. 

(Q2) Optimization Problem. 
vector X~ocg to solve 

Suppose that U is nonempty. Find a vec- 

(44) 

Suppose that U is nonempty. Find a 

min IIX- ~011, s.t. X~U. (45) 

(Q3) Infeasible Optimization Problem. Given two disjoint closed 
convex sets U1 and U2 in Jg, find a vector XEU2 to solve 

rain dist(X, UI), (46) 

where dist(X, U~) is the distance between the vector X and Ui 
defined by 

dist(Y', U1)= minl lX- s such that ~ U ~ .  (47) 

The feasibility problem (Q1) seeks any point in the intersection of Ui, 
i= 1 . . . . .  n; the optimization problem (Q2) seeks the point in the intersec- 
tion which is closest to a given point in ~ ;  the infeasible optimization 
problem (Q3) considers the case where (6~1 ('~ (~2 = ~ and looks for a point 
in U2 which is closest to the set UI. 

Note that the optimization problem (Q2) has a unique solution accord- 
ing to the following well-known result (e.g., see Ref. 26). 

Theorem 4.1. Let ~ ~ ~ be a closed and convex set in ~ and Xo ~ ~ .  
Then, there exists a unique vector s162 which is closest to ~o; i.e., ~'* 



414 JOTA: VOL. 88, NO. 2, FEBRUARY 1996 

satisfies 

IIX* -~011-< IIX-Xoll, for any :~e~ .  (48) 

Furthermore, X* is uniquely characterized by the condition 

(X* - Xo, X* - 5f) < 0, for any ~r~ ~ff. (49) 

We will need the following definitions: A vector 5f*e~f which solves 
(48) is called the projection of X on ~ff and is denoted by X* =~ PJc(~). Note 
that the projection operator P~r is a linear operator if and only if ~ is a 
subspace. A fixed point of an operator ~ :  ~f~---}~ is any vector Xeg(~ such 
that ~(X) = X. It can be observed easily that a vector X is a fixed point of 
the projection operator PJc if and only if Xeg((. 

A simple iterative scheme to solve the feasibility problem (Q1), the 
optimization problem (Q2), and the infeasible optimization problem (Q3) 
is provided by the method of alternating convex projections (Refs. 17-19). 
This method consists of cyclic successive projections onto each convex set 
%, i= 1 . . . . .  n. The standard method (Ref. 17) solves problems (Q1) and 
(Q3); a modification of the method can solve problem (Q2) (Ref. 19). These 
methods have been applied successfully in statistics, signal restoration, image 
reconstruction problems, and other fields of data analysis (Refs. 20-22). To 
implement the alternating convex projections method, an expression for the 
projection P~ei(X) of X on each convex set Ui is needed; hence, the corre- 
sponding convex sets should be of simple structure so that such an expression 
can be derived. The convex projections method can be described as follows. 

(A1) Alternating Projection Algorithm for the Feasibility 
Problem. Let &r0 e ~vf, and define: 

(1 st cycle) ~ = P% &r0, (50a) 

x ~ = P ~ ,  (5Oh) 

X. = P~.  ~ _  1 ; ( 5 0 c )  

(2nd cycle) X ,  + 1 = Pv, ~ ,  (50d) 

~ n  = P~e. X2.-1 ; (50e) 

(3rd cycle) Xz, + 1 = P% X2,, (50f) 

X3,, = e~e, &r3n- i ; (50g) 
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Fig. 1. Alternating projection algorithm. 
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and so on. Hence, the sequence of vectors { ~}k=o is formed by successive 
projections in a cyclic manner on the convex sets %, i=  1 . . . .  , n. A sketch 
of the method for n = 2 is given in Fig. 1. The following result, proved in 
Ref. 18, points out the global convergence property of the sequence 

Theorem 4.2. The sequence {~}ff=0 generated by (50) converges to a 
vector W in ~&cgl n c~2 c~. - �9 n c~n for any initial vector ~ g .  

It can be shown that the intersection cg is exactly the set of fixed points 
of the operator �9 ~ P ~ e n P % _  ~ �9 �9 �9 P ~ e , ,  which is formed from the composition 
of  the projections. This is a generalization of the well-known fixed-point 
theorem of contractive operators (Ref. 26). Therefore, Theorem 4.2 provides 
an iterative scheme for the solution of  the feasibility problem (Q1). 

A simple example can illustrate that in general the limit of  the sequence 
{Wk}ff=o of  Theorem 4.2 is not the projection of  Xo onto the intersection ~;  
i.e., Algorithm (A1) does not solve the optimization problem (42); e.g., 
consider Cgl to be a disc in •2 and c~2 to be a diameter of  the disc. Neverthe- 
less, a simple modification of  Algorithm (A1), provided in Ref. 19, can solve 
the optimization problem (Q2). 
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(A2) Alternating Projection Algorithm for the Optimization 
Problem. Let X0~ ~:, and define: 

(lst cycle) ~ = P~, ~o, ~el =Xl-Xo,  (51a) 

~2=P%XI, ~'~2 w ~2 - ~nl, (51b) 

~:~=P~en~:'~-l, ~r~ = ~:~- ~ _  i ; (51c) 

(2nd cycle) ~:,+j = P~, (X , -  Lrl), ~+1  = ~ + ~ + ~ -  ~ ,  (51d) 

~:2,,--P~en(X:,,-~--~,,), ~n-~,,+X~,,-X:,,-~; (51e) 

(3rd cycle) X2,+~=P%(X2n--~:,+O, Lr2~+ ~ = ~ +  ~ + X2~+ ~ - ~2n, (51f) 

~:3n - P~~ ( S:3n- l - ~ n ) ,  ~ n  = ~r~n + ~3n -- ~ n - -  l ; (51g) 
and so on. Note that, in this modified projection algorithm, in each step j 
the increment ~ _ ,  is removed before projecting on the corresponding 
convex set. This forces the algorithm to converge to the solution X* of the 
optimization problem (Q2). The next theorem guarantees this property (Ref. 
19). 

Theorem 4.3. The sequence {~k}ff=o generated by (51) converges to 
the projection X* & P~(Xo) ; that is, X* satisfies 

I [&-  ~r* II ___ II~ro- ~IL, VXE~1 :~ ~2 : ~ ' ' '  c~Un. (52) 

The feasibility and optimization alternating projection algorithms (A1) 
and (A2) can be implemented simply; usually, the amount of calculations 
in one iteration is very small. However, the methods may suffer from slow 
convergence. It can be shown (Ref. 18) that the alternating projection 
method (A1) has a geometric rate of convergence, but this sometimes can 
result in slow convergence since the convergence ratio might be close to one 
(for example, when U1 and U2 are hyperplanes with a very small angle 
between them). One technique to accelerate the convergence is examined 
next (Ref. 18). For simplicity, we will examine the case n = 2, but the method 
can be generalized to any finite number of closed convex sets. 

(A3) Directional Alternating Projection Algorithm. Let ~ be 
given. Define the following sequence of vectors: 

(lst cycle) ~=Pe,~o, X2=P~2~, ~:3 = P% ~:2, (53a) 

x 4 = ~  +Zl ( x 3 - ~ ) ,  

;t~ = I I ~ -  ~r2LI2/(~ -~:3, ~ - ~ > ;  (53b) 
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Xl 

Xo 

C2 

Fig. 2. Directional alternating projection algorithm. 

(2nd cycle) ~r5 = P~. ~ ,  ~6 = P~ ~r5, X7 = P% ~r6, (53c) 

~ = ~ + ; ~ 2 ( ~ - ~ ) ,  

42= i1~-~6112/ (~-~7 ,  ~ - ~ )  ; (53d) 

and so on. A schematical representation of the algorithm is given in Fig. 2. 
Note that, in each cycle, there are two projections on the same set ( ~ ) ;  the 
two projection points are used to derive a direction for the next point. 

Convergence of the iterative scheme (53) to a point in the intersection 
is guaranteed from the following result (Ref. 18). 

Theorem 4.4. The sequence {~}ff=0 provided by (53) converges to a 
vector • in ~ - - -~  n ~2 n .  �9 �9 n ~, for any initial vector ~oe ~(:. 

Although there are no theoretical arguments about the rate of conver- 
gence of the directional alternating projection method, simple intuitive argu- 
ments based on Fig. 2 suggest that Algorithm (A3) will converge faster to 
a feasible solution than Algorithm (A 1). Our numerical experience confirms 
this speculation. It can be verified easily that, when ~ and c~2 are affine 
manifolds of the same dimension, the algorithm converges to the solution 
in one cycle, independently of the angle between them. 

Another technique to possibly accelerate the rate of convergence of 
Algorithm (A1) is to use overrelaxation to extrapolate the projections P~, 
beyond the contours of the sets % (Ref. 18). 
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The feasibility problem (Q 1) and the optimization problem (Q2) require 
the assumption that the intersection c41 n ~2 n .  �9 �9 n ~ is nonempty. But 
often in practical applications, it is not known a priori that the sets ~ 
satisfy this assumption. It may well be the case that these sets correspond 
to inconsistent constraints; consequently, the nonempty intersection assump- 
tion might fail to hold. Hence, it is important that the iterative schemes 
proposed to solve these problems can recognize this consistency property. 
An answer to this question can be provided by the following result (Ref. 
17), which is a generalization of  Theorem 4.2. 

Theorem 4.5. Suppose that at least one of  the sets cg~, i=  1 . . . .  , n, is 
bounded, and consider the sequence {~k}ff=o defined in (A1). Then, the 
subsequence {~k}ff=o converges to a fixed point of  the composition of the 
projections operator �9 =~ Pen Pen-.. �9 "P~I �9 

Theorem 4.5 implies that each subsequence {W~k§ m =  
0, 1 . . . . .  n -- 1 [i.e., the subsequence which corresponds to the mth projection 
for every cycle in (AI)], converges to a point 5f*e~,~. 

Note  that Theorem 4.5 is valid even when the intersection 
~gl n cs n .  �9 �9 n cgn is empty. Hence, combining this result with Theorem 4.2, 
we see that each of  these subsequences converges to a common point X* if 
and only if the sets have nonempty intersection and, in that case, W* belongs 
to the intersection. Therefore, it can be tested numerically whether the iter- 
ative scheme (A1) converges to a solution of  the feasibility problem (Q1), 
or if the corresponding sets have an empty intersection. 

In the case where the constraints are inconsistent, we look to solve the 
infeasible optimization problem (Q3). For our purposes, the case of two 
disjoint sets is enough, although the results can be extended to more general 
situations. The next result shows that, for the case of  two disjoint sets Cgl 
and cs the alternating projection method can provide the solution of the 
infeasible optimization problem (Q3). 

Theorem 4.6. Consider the sequence {Wk}ff=o defined in (50) for n =  
2, and suppose that at least one of the sets ~ ,  i=  1, 2, is bounded. Then, 
the subsequence {~2k}~=0 converges to a point X*Ecg2 which solves the 
infeasible optimization problem (Q3). 

Therefore, the iterative scheme (50) provides a solution to the infeasible 
optimization problem (Q3), when cs n ~2 = ~ .  
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5. Projections Required for Covariance Design 

In this section, the alternating convex projection methods described in 
Section 4 is utilized to solve the covariance design problems (37), (38), (42), 
(43). Consider the vector space 6en x of nx x nx real symmetric matrices 
equipped with the inner product 

<X, Y )= t r (XY) ,  X, YeSa~.~. (54) 

We derive analytical expressions for the projection operators on each one 
of the assignability and performance constrained sets d ,  N,, (9i, cg defined 
in Section 3. To begin, we need the following definitions. 

Definition 5.1. Define the symmetric vec operator vec , : r e , ,~  
R "x~"-'+1)/2 as follows for any X = (Xij)eSa,., : 

vec~ X = [X,1, x/-2X12, ,J2X,3 . . . .  , x/2X,~,, X22, ,,~X23, 

N/2X24,  . . .  , N/2X2 . . . . . . . .  , Xn.,~nx] T. ( 5 5 )  

Hence, VeCs X contains the nx(nx + 1)/2 distinct elements of the symmet- 
ric matrix X, where the nondiagonal elements are multiplied by a factor of 
x/2. We will make use of vec, to reduce the size of the projection problem 
from nx x nx to nx(nx+ 1)/2. 

Proposition 5.1. The operators vec and vecs are isometric isomor- 
phisms of 5~,x onto Nn~(n,+~)/2 and N"~, respectively, where Nn~ and 
Nnx(,~+~)/2 are assumed to be equipped with the standard Euclidean inner 
product (X, ~ ) = E ~ .  

Hence, vec and vecs preserve the values of norms and inner products; 
i.e., for any X, YeSanx, 

IPXlr = I]vec Xll = II VeCs X[I, 

(X, Y) = (vec X, vec Y) = (vec, X, vecs Y), 

where each norm and inner product should be interpreted in the appropriate 
space. 

The following result, which can be verified easily, provides the connec- 
tion between vec, X and vec X. 
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Proposition 5.2. Given any Xe6an,, there exist a matrix 
A~I~ "~• such that 

vec X = A vecs X. (56) 

Moreover, the matrix A is column orthogonal, i.e., ArA = L 

Note that the columns of A are the column expansions of the standard 
orthonormal basis for the space ~n,. For example, for nx = 2, 

A = x/2/2 
x/~/2 �9 

0 

(57) 

Now, we are ready to provide the expression for the projection operator on 
the affine manifold ~r 

Proposition 5.3. Let X p ~ , .  The projection X* = P~(Xp) of Xp on the 
set d ,  defined in (19), is given by the following expression using the vec 
operator: 

vec X* = -A(KA) § vec(EpQpEl,) + vec Xp, (58) 

where 

Ep = I -  BpBp , K=  Ep| Ep - ( EpAp) | ( EpAp), 

T T Qp = Xp - ApXpAp - Dp WpD;, . 

Proof. Since J is an affine subspace in ~n~, we need to show that 
, ~ . 

X* -Xp is orthogonal to Xp - X p ,  i.e., that 

* * -Y(p) =0 ,  (59) <Xp - Xp, Xp 

for any .~,r . The inner product in (59) is equivalent to 

(A(KA) + vec(EpOpEp), vec )~p + A(KA) + vec(EpQpEp) - vec Xp), (60) 

where the expression (58) has been used for vecX*. Simple Kronecker 
product algebra manipulations reveal that 

vec( EpapE~,) = vec( EeD p WpDrpEt,) + K vec X,. (6 t) 
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Hence, substituting in (60), we obtain 

= {vec(EpDp WpDfEp)} r(KA)+rAr vec Xp 

+ {vec Xp} rKT(KA)+rAt vec Xp 

+ {vec(EpDp WpDfEp) } r(KA) + rArA(KA) + vec(EpDp WpDTEp) 

+ {vec(Epnp WpDrEp) } r(KA) + rA rA(KA) +K vec Xp 

+ {vec X} rKr(KA)+rArA(KA) + vec(EpDp WpDrEp) 

+ {vec X} rKr(KA)+rArA(KA)+K vec Xp 

-- {vec(EpDp WpDIEp) } r (KA)  + TAr vec  Xp 

- {vec X} rKr(KA)+rAr vec Xp. (62) 

Since .~p e d ,  it obeys (6a) or (16a) ; hence, using Kronecker product algebra, 
we obtain the following expression for vec Xe: 

vec( EpDp Wpnf Ep) = - K vec Xp. 

Substituting this expression and the relations 

vec Xp = A vec, Xp, 

vec Xp = A vec, Xp 

in (62), and using the fact that ArA = I  and the defining properties of 
the Moore-Penrose generalized inverse, we finally obtain (59) after 
cancellations. [] 

The expression for the projection of any Xpe~f, s onto the set ~1 defined 
in (20a) can be derived using a result from Ref. 28. 

Proposition 5.4. Let Xpe6~, x, and let X p - P  = ULU r be the eigen- 
value-eigenvector decomposition of Xp-  P, where P is defined by (21a) for 
the state feedback case and by (21b) for the dynamic controller case. The 
projection X* = Pel (Xp) of Xp on the set ~1, defined in (20a), is given by 

Xp - UL+Ur + P, (63) 

where L+ is the diagonal matrix obtained by replacing the negative eigen- 
values of X p - P  in L by zero. 

Hence, this projection requires an eigenvalue-eigenvector decomposi- 
tion of the nx x nx symmetric matrix Xp-  P. A similar expression holds for 
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the projection P~2,, onto the set .~2,,, by replacing P with E1 in the above 
result. 

The following result provides the expression for the projection operator 
on the set of the ith block output variance constraint Cg. 

Proposition 5.5. Let Xp~Sa,,x. Consider the singular-value 
decomposition 

Cpi = Up~ [Epl, O] V p r, (64) 

and define 

Spi~-~ VpiXpVpi-  t ~Tpil2 Spt22A' Xp i l l e~  nyi• ( 6 5 )  

Consider the eigenvalue-eigenvector decomposition 

Spill -1 T T -1 -Epi Upi( ii,._ - W,A;W~, (66) HpiWpHpi) Upi~,pi 

where Ai is a diagonal matrix which contains the eigenvalues of the matrix 

-X~oi Upi (Y , -  Spill " -1 T T --I Hp, WpHp,)Up, Xp, 

The projection X*i = Pco~(Xpi) of  Xp onto the set (9~, defined in (28), is given 
by 

I-* 1 , -- Spil I Xpil2 X p i -  Vpi T (67) 
T Xpi22 A gpi, LApil2 

where 

- ,  _ W . A ? W T + y ~ ; . ~  T T - 1  X p,, , - Up,( Y i -  Hp, WpH p, ) Up, Zpi , (68) 

and A~- is the diagonal matrix obtained by replacing the positive eigenvalues 
in A~ by 0. 

Proof. Let 

~i~-~ ~ ~ i l l  ~pil2]~(Qi, L i l l ~  nyixnyi, 
Xpi22_l 

Consider the inner product defined in (49), 

< X p , -  Xp, X p , -  Xp,). (69) 

Since Vpi is an orthogonal matrix, (69) is equal to 
T * T T * T ^ < VpiXpiVpi-  VpiXpVpi , VpiXpiVpi-  VpiXpiVpi >, ( 7 0 )  
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Define 

Vp'Xp'Vp'-L,f ,~,.,~ R:= ,' 

and note that (67) implies that 

s  g T . y , . g . = [  pill Xp,1,] 
--pt' '  pt" pt I'-AP T Xpi22 J '  

Hence, (70) is equal to 

(['p~'ll "p;l~]_r'P,ll s ['p~ll Xpil2]__[Xpill Xpil2]) 
L x : ~  x : ~  s  - 

o ' L2pT;12-.gp~12 2 : 2 - 2 : 2 . .  
- *  - *  - X p .  l ) .  (71) = (Xp i l  I - -Xp i l l ,  Xpill 

Since 2(piE(gi, we have 

CpiXpiC r <- g ' -  Hp, WpHr ; (72) 

by substituting the singular-value decomposition (64) in (72), and after 
premultiplying and postmultiplying by U r and s we obtain 

[10]VpiXpiVpi  0 <-F.m Up,(Y,-HpiWpHpi)UpiZpi 1 , 

or 

s ~_~1  T T --1 Upi ( Y~ -- Hp, WpHp,) UpiX~, i  . 

Hence, -gp,ll is an element of the set 

�9 Up,( Y~- Hp, WpHp,) Up, •p, }. (73) 

According to Proposition 5.2, the orthogonal projection of a matrix 
Rp,ll~,~, onto the set (73) is provided by the expression (68). Hence, the 
minimum distance condition (49) implies that the inner product in (71) is 
nonpositive. Hence, 

, X p i - X p , )  (Xpi-Xp <0, for any Xpi~(Pi, 

and this completes the proof. [] 

Next, the projection on the output cost constrained set cd defined in 
(35) will be examined. 
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Proposition 5.6. Let Xp~6enx and 7/>0 given. Then, the projection 
X* = P~(Xp) of Xp on cg is given by 

X* = (1 /II R II 2) (7/, _ tr(XpR))R + Xp, (74) 

where R = CrQCp and 

7/* = min { 7, tr(XpR) }. (75) 

Proof. First, we note that X*eCg, since 

tr(X*R) = (1/11R]12)[7/* - t r ( X p R ) ]  tr(R 2) + tr(XpR) = 7/* < 7/. 

The validity of  condition (49) can be verified since, for any )(peCg, we obtain 

-- (1/[IRII z) tr{ [7/* - tr(XpR)]R[1/llRll2)[7/* - tr(XpR)]R+Xp --)(p] } 

= (1 /LI R L[ z)[7* - tr(XpR)][7/* - tr(J(pR)]. 

Following similar arguments as in the proof  of Proposition 5.3, we can 
conclude that 

r ~ - X , ,  Xp ~ -~'p) ~__0, 

and the proof  is complete. []  

The above expression for the projections can be used to solve the covari- 
ance feasibility problem (P1) or the covariance optimization problem (P2) 
using the alternating projection algorithms of Section 4. The solution to 
the infeasible covariance optimization problem (P4) can be obtained by 
considering the sets 

% =(,fi n - . . n f m n ( g ,  ~f2= s r  ~' , ,  

and applying the result of  Theorem 4.6. According to this result, an assign- 
able covariance XpeCg2 which closely approximates the desired constraints 
described by qfl is obtained by alternating projections on the sets % and cg2. 
Note that, since each one of  the sets % is the intersection of two or more 
sets, the alternating projection algorithm (A2) must be applied to get the 
projection onto the set %. To find a solution to the covariance suboptimiza- 
tion problem (P3), we need the expression for the projection on the set 
defined in (41). An expression for this projection is provided in Ref. 29. 
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Proposition 5.7. Let XpE~,, and 8>0.  Then, the projection 
*-  P~(Xp) of Xp on ~ is given by Xp- 

X* =Xp, if []Xp-X*l[ < c~, (76a) 

Xp - (~5/llXp-Xpll)(Xp-X~) +Xp, if [IXp-X*ll > & (76b) 

When a desired plant-state covariance Xp is found, then Theorem 2.2 
provides a parametrization of all static state feedback controllers, and 
Theorem 2.4 provides a parametrization of all dynamic output feedback 
controllers which assign this covariance to the closed-loop system. The free 
parameters in these parametrizations can be chosen such that the designed 
controller satisfies other objectives, such as minimum control effort; see 
Ref. 30. 

6. Comments on the Reduced-Order Dynamic Controller Case 

Although Theorem 2.4 parametrizes all dynamic controllers which 
assign a particular assignable plant covariance, it provides no systematic 
way to construct a reduced-order controller. The order of the dynamic con- 
troller nc is equal to 

nc = rank(Xp -.(p), 

where -~p is the positive-definite solution of the discrete Riccati equation 
(18b). Note that )(p depends on the choice of the free parameter 
/Z~n , •  

To design a fixed-order dynamic controller, we suggest the following 
procedure: 

(i) Find a positive-definite matrix Xp by solving the Riccati equation 
(18b) for some free parameter L~n~• note that the choice 
[, = 0 gives Xp = P, where P is the positive-definite solution of the 
Riccati equation (17). 

(ii) Compute an assignable plant covariance Xp which satisfies the 
desired performance objectives and in addition 

Xp>Xp, (77) 

rank(Xp -.~p) _< nc, (78) 

where nc is the desired order of the reduced-order dynamic 
controller. 

(iii) Using the results of Theorem 2.4, obtain a dynamic controller of 
order nc which assigns Xp to the closed-loop system. To construct 



426 JOTA: VOL. 88, NO. 2, FEBRUARY 1996 

such a controller, compute the closed-loop covariance sub- 
matrices X c ~  "'• and X p ~  n~• such that 

--1 T__ 
Y p c X  c X p e - Y p - . ~ p ,  ( 7 9 )  

and form the closed-loop covariance 

X - [  Xp XPCl. (80) 
-- T kXpc x~ J 

A reduced-order dynamic controller of order n~ to satisfy the 
desired performance constraints is provided by (18c) for any 
choice of the unitary freedom U and the free parameter Z. 

Our objective in this section is to provide an alternating projection 
technique to satisfy the constraints (77) and (78) in addition to the assign- 
ability and performance constraints discussed in the previous section. The 
constraint (77) for the plant covariance matrix X e can be included in the 
plant covariance design problem by defining the set 

~, ~- {Xp~Se.x/Xp>Xp} (81) 

to replace the corresponding constraint set defined by (20a). The projection 
onto the set (81) is provided by (63), where P is replaced by X e. To satisfy 
the rank condition (78), we define the following subset of 5e.x; 

~ ,  ~= {Xp~q~.. : rank(Xp- Xp) <_nc}. (82) 

Hence, a solution to the ncth order dynamic controller design problem, 
subject to output performance objectives, is guaranteed if a plant covariance 
Xp is obtained such that 

Xpezr  c~ ~ n (9 c~ cg n ~c .  (83) 

Following this formulation, covariance feasibility, optimization, and infeas- 
ible optimization problems for low-order control design x can be defined 
including the additional constraint Xp e ~,, in the covariance design problems 
(P1), (P2), (P3), (P4). However, ~,c is not a convex set; this is easy to verify, 
since, for example, the R 2 • 2 matrices 

~ 
have rank 1, but (1/2)Jl + (1/2)J2 has rank 2. Therefore, the alternating 
convex projection techniques of Section 5 cannot be used to guarantee a 
solution to the reduced-order controller design problem. In the following, 
we will extend the ideas of the alternating projection methods to include 
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nonconvex constraint sets. Although these generalizations cannot guarantee 
global convergence, as in the convex case, our numerical experience indicates 
that these methods can perform well in practice. 

To begin, we generalize the concept of a projection defined in Section 
4, to the case of nonconvex sets. Consider a Hilbert space W, a set Of in 
W, and a given vector ~ .  We call a vector 5f* in Jg the projection of X0 
onto Jg if it solves the following minimization problem 

IfY'* -Xol[ _< IIX- Xolr, for any XegtL (84) 

We still denote this projection by ~r *= P x  (~) .  Note that the minimum is 
always attained when 3ff is closed, but it might not be unique, since 3ff is 
not convex. Hence, the corresponding projection operator P~r: Yg~I- I (~)  
is a set-valued map onto a subset of dC, where 1-I(3ff) denotes the family of 
all subsets of Y .  For example, in the case where Z, ~ = 6~2, the matrices J~ 
and J2 defined above are both projections of the identity matrix on the set 
of symmetric matrices of rank one. 

Now, suppose that we seek to solve the feasibility problem (Q1) for the 
case where some sets cg. are not convex. It can be shown that the standard 
alternating projection method given by Algorithm (A1) converges to a point 
in the intersection when the starting point ~ is in the vicinity of the inter- 
section; see Ref. 31. Note that, for the projection onto a nonconvex set, any 
point of the projection map defined by (84) can be used. 

The following result provides the expression for the projection map 
onto the fixed rank set ~,, (Ref. 27). 

Proposition 6.1. Let Xp be a given matrix in 5P, x, and let Xp-  
Xp = UIEU T be the singular value decomposition ofXp-)(~.  The projection 
X* = P ~  (Xp) of Xp on the set ~ is given by 

T -- Xp = U~Y.kU2 +Xp, (85) 

where Ek is the diagonal matrix obtained by replacing the n x - k  smallest 
singular values of Z by zero. 

This projection can be combined easily with the projection on the set 
~1 defined in (81). In this case, in the eigcnvalue-eigenvector decomposition 
of Xp-)(p,  the negative eigenvalues should be replaced by zero; in addition, 
if there are less than k zero eigenvalues, then the smallest nonzero ones 
should be replaced by zero to have a total sum of k zero eigenvalues. 

The suggested approach to find a fixed-order dynamic controller is to 
solve first the covariance control design problem that corresponds to the 
full-order dynamic controller case nc = nx. Then, use this plant covariance 
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matrix as a starting point to obtain a plant covariance matrix that corre- 
sponds to a controller of order nc = n x -  1, using the alternating projection 
techniques. Continue to design plant covariance matrices that correspond 
to reduced-order covariance controllers of order nc= n x -  2, nc = 
nx-  3 . . . .  using the plant covariance matrix of the previous solution as a 
starting point. Note that, even if the algorithm does not converge for a 
specified controller order n~ = k, a solution might exist since convergence of 
the algorithm is not guaranteed. However, our experience with the algorithm 
indicates that this approach performs well in practice, since it provides a 
better initial point to start the alternating projection algorithm. 

7.  N u m e r i c a l  E x a m p l e  

Consider the state space model of a fighter aircraft provided in Ref. 32, 
discretized with sampling period T= 0.001 sec, 
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0.0035 -0.0100 

-0.0002 0.0000 

-0.0311 0.0220 

-0.0000 0.0000 ' 

0.9704 0 

0 0.9704 

[OolOOO 
Cp=M = O O l O  ' 

We seek a reduced-order dynamic controller to satisfy the following 
output performance constraints 

lira r <0.0015, lira r <0.0030; 
t~OO l--+ OO 

i.e., the plant covariance constraint set (9 has the form 

(9 ~" { X p ~ 6 : ( X p ) 2 2  <_0.0015, (Xp)44<~0.0030}. 
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We seek to solve the covariance feasibility problem (P1), i.e., to find an 
assignable covariance Xp such that Xp~C. In addition, by choosing )(p = P 
[i.e., choosing the matrix freedom L = 0  in (18b)] and requiring that Xp is 
in the constraint set 

~k&{Xp~5#~.,. "rank(Xp-Xp)=nc}, no<6, 

we will restrict the order of the dynamic controller to be less than the order 
of the plant. For nc--4, the directional alternating projection algorithm (A3) 
provides the following feasible plant covariance: 

11.9218 

-0.0092 

0.1082 
xp= -0.0844 

-0.1987 

0.1147 

-0.0092 -0.1082 -0.0844 -0.1987 0.1147" 

0.0015 0.0048 -0.0016 0.0112 -0.0035 

0.0048 0.4422 -0.0000 -0.0125 0.0320 

-0.0016 -0.0000 0.0028 0.0105 -0.0057 

0.0112 -0.0125 0.0105 1.0119 -0.0106 

-0.0035 0.0320 -0.0057 -0.0106 1.0097. 

tolerance 10 -6 . Note that 

0.0670 

0.0235 

-0.1281 -0 29031 
-03102 -01705 / 

n c 
0.0399 0.0439 [ '  

-0.0163 -0.0423.] 

The method required 73 iterations for an error 
the corresponding output covariance matrix is 

[0.0015 0.0016]. 

Y -  1_0.0016 0.0028 J ' 

hence, the desired output performance constraints are satisfied. Specifically, 
the output variance constraint which corresponds to the first output yl is 
binding (i.e., is reaching the allowed bound 0.0015), although the one which 
corresponds to Y2 is not binding. Also, it can be verified easily that XpE~4; 
i.e., rank(Xp - P) = 4, where P is the positive-definite solution of the Riccati 
equation (21b). Hence, a dynamic controller of order 4 can be designed. 
The closed-loop covariance matrix X can be assembled by choosing the 
controller covariance Xc=I4 and the cross-covariance submatrix Xpc to 
satisfy (18a). A 4th-order dynamic controller to assign X to the closed-loop 
system is provided by (18c), where the orthogonal free matrix U is chosen 
to be the identity matrix. The resulting controller is the following: 

0.9426 -0.0080 -0.0440 -0.01851 

-0.0896 -0.9318 0.0230 -0.00391 

Ac = 0.0057 0.9957 0.0069 / 1, 
/ 

- 0.0011 - 0.0079 0.9988/ 



430 JOTA: VOL. 88, NO. 2, FEBRUARY 1996 

-0.7354 -3.2151 l 
-0.4870 -1.2543 / [ -2 .1253 -11.26551 

Co= 
1.7746 0.2779/' Dc = m - 4.9299 10.3690 j" 

/ 

0.4010 - 0.4467_1 

Note that the alternating projection algorithm did not converge for n~ < 4; 
we were not able to design a dynamic controller of order less than 4 to 
satisfy the desired performance objectives. 

An application of the discrete-time covariance control design methodol- 
ogy to the Hubble Space Telescope pointing control system design problem 
can be found in Ref. 29. 

8. Conclusions 

Covariance control theory allows the control design problem to be 
formulated in terms of assigning a plant-state covariance matrix Xp to the 
dosed-loop system. This paper shows that the design problem in terms of 
Xp has some desirable convex properties. The corresponding assignability 
and performance constrained sets are convex sets; moreover, expressions 
for the projections on these sets are derived analytically. This allows the use 
of alternating convex projection methods to solve the covariance design 
problem. Improved convergence rates are obtained by using directional 
information. The algorithms presented can solve the following problems by 
convex programming: a covariance feasibility problem (covariance assign- 
ability subject to output system performance constraints) ; a covariance opti- 
mization problem (covariance assignability subject to output performance 
constraints such that the covariance is as close as possible to a desired one); 
and an infeasible covariance optimization problem (the closest assignable 
covariance to a given performance constraint set is obtained). Also, the case 
of a reduced-order dynamic controller design is discussed, and an alternating 
projection approach is suggested to attack this problem. Although conver- 
gence of the algorithm is not guaranteed in this case, numerical experiments 
have shown a satisfactory performance. A 6th-order numerical example is 
used to illustrate the design procedure, where a 4th-order controller is 
designed to satisfy given output performance objectives. 
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